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スピンアイス物質とは何か？
ある温度領域、磁場領域でスピンアイス相を実現する

パイロクロア結晶を持つ物質のこと
化学式はいずれもA2B2O7

見つかっている物質：Ho2Ti2O7, Dy2Ti2O7
パイロクロア結晶構造とは
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Fig. 1. (a) The pyrochlore lattice: Both A and B sites form the pyrochlore lattice in pyrochlore oxides

A2B2O7. (b) The stable spin configuration (1-in 3-out) on a single tetrahedron in high field along

the [111] direction. Circles depict A-site ions with Ising spins. Zeeman interaction in the [111] field

direction competes with the spin-spin interaction that stabilizes a 2-in 2-out configuration.

lattice and gives rise to Paluing’s residual entropy of (1/2)Rln(3/2).8

Owing to the Ising anisotropy, the spin responses to magnetic fields are very anisotropic. For

polycrystalline samples, it is reported that there are specific-heat peaks at field-independent

temperatures of 0.34 K, 0.47 K and 1.12 K; it was speculated that these peaks may be due

to ordering of spins with their Ising axes perpendicular to the field.2 Moreover, owing to the

difference in the stable spin configurations in fields along different directions and associated

difference in the frustration dimensionality, the process of releasing the residual zero-point

entropy should be qualitatively different. Magnetization measurements using single crystalline

Dy2Ti2O7 revealed such anisotropic spin responses.9, 10 From that study we found that the

state in the field along the [111] direction is qualitatively different from those along the other

directions [100] and [110]. In particular the state in the [111] field direction exhibits a new

value of the residual entropy, because the lattice on which spins are frustrated changes from

three-dimensional (3D) pyrochlore lattice to two-dimensional (2D) Kagome lattice with the

ice rule constraint. We call this state as the “Kagome ice state”.11, 12

In the [111] field direction, Zeeman interaction originating from the external magnetic field

favors the 1-in 3-out spin configuration on each tetrahedron (Fig. 1(b)), whereas the ice

rule originating from spin-spin interaction tends to stabilize the 2-in 2-out state. One of the

spins on each tetrahedron is parallel to the magnetic field and the components parallel to

magnetic field of the other three spins are equivalent. The angle θ between these three spins

and the magnetic field gives cosθ = 1/3; the Zeeman interaction for these spins is one third

of that for the field-parallel spin. Therefore, in certain field range the direction of parallel
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四面体が鎖状につながった構造

スピンアイス物質では
A,Bともにパイロクロア結晶構造

magnetic or antiferromagnetic depending on the dis-
tance r between two magnetic Fe atoms. Depending on
their relative separation distance, some trios of Fe spins
will have either one or three of their JRKKY interactions
antiferromagnetic and will therefore be frustrated. Be-
cause the atomic positions are frozen in, this is an ex-
ample of quenched random frustration. Quenched ran-
dom frustration is a crucial ingredient in the physics of
spin-glass materials !Binder and Young, 1986". These
systems exhibit a transition from a paramagnetic state of
thermally fluctuating spins to a glasslike state of spins
frozen in time but random in direction. Random frustra-
tion can also arise when the magnetic moments in an
otherwise disorder-free geometrically frustrated system
are diluted or substituted with nonmagnetic atoms !Vil-
lain 1979; Binder and Young, 1986".

While it is common to invoke exchange interactions
between spins as the source of their magnetic coupling,
there are cases !discussed below" where magnetostatic
dipole-dipole interactions play a crucial role. Because of
their long-range nature and angular dependence, dipolar
interactions are intrinsically frustrated, irrespective of
the lattice dimensionality or topology. Indeed, two di-
pole moments !1 and !2 at positions r1 and r2 !r12=r2
−r1" reach their minimum energy for !1 #!2 # r12. Obvi-
ously, this condition cannot be met for any system of
more than two dipole moments that are not all located
on a perfectly straight line. As a result, even systems
where long-range collinear ferromagnetism is due to di-
polar interactions are in fact frustrated and display
quantum mechanical zero-point fluctuations !Corruccini
and White, 1993; White et al. 1993". This example illus-
trates that even systems which achieve a seemingly
simple conventional long-range order can be subject to
frustration of their underlying microscopic interactions.
Being intrinsically frustrated, the introduction of ran-
domness via the substitution of dipole-carrying atoms by
nonmagnetic !diamagnetic" species can lead for suffi-
ciently large dilution to a spin-glass phase !Villain, 1979;
Binder and Young, 1986".

B. Motivation for the study of frustration

Magnetism and magnetic materials are pervasive in
everyday life from electric motors to hard disk data stor-
age. From a fundamental perspective, magnetic materi-
als and theoretical models of magnetic systems have,
since the original works of Ising and Potts, offered
physicists perhaps the best test bench to investigate the
broad fundamental concepts, even at time universal
ones, underlying collective phenomena in nature. The
reasons for this are threefold. First, from an experimen-
tal perspective, magnetic materials present themselves in
various aspects. They can be metallic, insulating, or
semiconducting. As well, the magnetic species may re-
side on crystalline lattices which are spatially aniso-
tropic, providing examples of quasi-one- or quasi-two-
dimensional systems and permitting an exploration of
the role that spatial dimensionality plays in phase tran-
sitions. Second, and perhaps most importantly, magnetic

materials can be investigated via a multitude of experi-
mental techniques that can probe many aspects of mag-
netic and thermodynamic phenomena by exploring spa-
tial and temporal correlations over a range of several
decades of length or time scales. Finally, from a theoret-
ical view point, magnetic materials can often be de-
scribed by well-defined microscopic Hamiltonian models
which, notwithstanding the mathematical complexity
commonly associated in solving them, allow in principle
to develop a theoretical framework that can be used to
interpret experimental phenomena. This close relation-
ship between theory and experiment has been a key
characteristic of the systematic investigation of magne-
tism since its incipiency. Such a symbiotic relationship
between experiment and theory has been particularly
strong in the context of investigations of frustrated mag-
netism systems. Indeed, a number of experimental and
theoretical studies in frustrated magnetic systems were
originally prompted by theoretical proposals. We men-
tion two. The first pertains to the proposal that frus-
trated antiferromagnets with a noncollinear ordered
state may display a transition to a paramagnetic state
belonging to a different !“chiral”" universality class from
conventional O!N" universality for collinear magnets
!Kawamura, 1988". The second, perhaps having stimu-
lated the largest effort, is that some frustrated quantum
spin systems may lack conventional semiclassical long-
range order altogether and possess instead a quantum
disordered “spin-liquid” state breaking no global spin or
lattice symmetries !Anderson, 1973, 1987".

Systems where magnetic moments reside on lattices of
corner-sharing triangles or tetrahedra are subject to geo-
metric magnetic frustration, as illustrated in Fig. 1, and
are expected to be ideal candidates for exhibiting large
quantum mechanical spin fluctuations and the emer-
gence of novel, exotic, magnetic ground states.

The cubic pyrochlore oxides, A2B2O7, have attracted
much attention over the past 20 years because the A and
B ions reside on two distinct interpenetrating lattices of
corner-sharing tetrahedra as shown in Fig. 2. Hence-
forth, we refer to the lattice of corner-sharing tetrahedra
simply as the pyrochlore lattice, as has become custom-
ary since the mid-1980s. If A, B, or both are magnetic
and the nearest-neighbor exchange interaction is antifer-
romagnetic, the system is highly geometrically frus-
trated. As a result, antiferromagnetically coupled classi-
cal Heisenberg spins on the pyrochlore lattice do not

A- Site B- Site

FIG. 2. !Color online" The A and B sublattices of the cubic
pyrochlore materials. Either or both sublattices can be mag-
netic.
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結晶中でスピンがどのように振る舞うか？
Asiteのイオンが古典的なイジング模型のように振る舞う
(Ho3+,Dy3+)

doubletの量子化方向は、
四面体の中心に向かう向き

Specific Heat of Kagomé Ice in the Pyrochlore Oxide Dy2Ti2O7
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A novel macroscopically degenerate state called kagomé ice, which was recently found in a spin ice
compound Dy2Ti2O7 in a magnetic field applied along the [111] direction of the cubic unit cell, is studied
by specific heat measurements. The residual entropy of the kagomé ice is estimated to be 0.65 J/Kmol
Dy, which is nearly 40% of that for the tetrahedral spin ice obtained in a zero field (1.68 J/Kmol Dy) and
is in good agreement with a theoretical prediction. It is also reported that the kagomé ice state, which is
stabilized at a range of magnetic field of 0.3–0.6 T, is a ‘‘gas’’ phase and condenses into a ‘‘liquid’’ phase
with nearly zero entropy at a critical field of 1 T.
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1. Introduction

Geometrical frustration is one of the most interesting
topics in studying magnetism of solids. The pyrochlore
lattice made of corner-sharing tetrahedra is a typical three-
dimensional network exhibiting the geometrical frustration
and has been studied extensively. In the course of searching
novel materials related, intriguing compounds were found in
pyrochlore oxides comprising the pyrochlore lattice, which
is Dy2Ti2O7 and Ho2Ti2O7.

1,2) In these compounds an Ising
spin with a large magnetic moment of 10!B from the rare-
earth ion resides on the pyrochlore lattice and weakly
interacting ferromagnetically with its neighbors. Moreover,
the local quantization axis is fixed to the h111i directions of
the cubic unit cell due to the crystal field effect. As a
consequence, a two-in, two-out spin configuration in each
tetrahedron is preferred, which is called the ice rule, and a
macroscopic degeneracy in the ground state analogous to
water ice is realized.3) Apparently, this spin ice state
provides us with a new strategy for the research of frustrated
magnets.

Recently, Matsuhira et al.4) and Higashinaka et al.5)

reported another macroscopically degenerate state in
Dy2Ti2O7 in a magnetic field applied along the [111]
direction. The pyrochlore lattice consists of triangular and
kagomé planes stacked alternatingly along the [111] direc-
tion, as shown in Fig. 1(a). Since the spins on the former
planes possess their easy axis along the field direction, they
are pinned easily along the field to gain Zeeman energy.
Even in this situation, however, the ice rule stabilizing the
two-in, two-out configuration can be satisfied in a low
magnetic field, as depicted in Fig. 1(b). In other words,
applying the field selects some of two-in, two-out config-
urations with the apical spin fixed along the field out of
macroscopically degenerate spin ice states. Now we have
two kinds of tetrahedra, A and B, with an apical spin above
and below the basal triangle in the kagomé plane, respec-
tively. In tetrahedron A the three kagomé spins should have
an in–in–out (iio) configuration, because the apical spin
points already outward, while in B an in–out–out (ioo)
configuration should be realized. As a result, a modified ice
rule (iio–ioo rule) is to be applied to spin configurations in
the kagomé plane. Obviously, a reduced macroscopic

degeneracy should remain for the kagomé lattice. This
means that the spin dimensionality is controlled successfully
by the magnetic field. Matsuhira et al. called this new state
‘‘kagomé ice’’, and reported its residual entropy of about
0.8 J/Kmol Dy.4) Stimulated with this finding, a theoretical
calculation was carried out by Udagawa et al.6) They
obtained the exact value for the ground-state entropy to be
0:0808R (0.67 J/Kmol Dy) where R is the gas constant. The
difference between the experimental and calculated values
may come from experimental difficulty in determining
residual entropy, the detail of which we will discuss later.

More recently, Sakakibara et al. found an unique liquid–
gas (l–g) phase transition for the present system in magnetic
fields along the [111] direction.7) They measured magneti-
zation down to 50mK and observed a jump at a critical field
Hc near 0.9 T below T ¼ 0:36K. Below Hc a plateau-like
structure with a magnetic moment close to 3:3!B/Dy is seen,

Fig. 1. Pyrochlore lattice (a) consisting of corner-sharing tetrahedra. Balls
represent Dy atoms in Dy2Ti2O7. The structure contains triangular and
kagomé planes alternatingly stacked along the [111] direction. Local spin
arrangements on a couple of tetrahedra, which are stabilized at low and
high fields along the [111] direction, are shown in (b) and (c),
respectively. Arrows show the orientation of Ising spins on Dy3þ ions.
The shaded and open arrows indicate spins with and without an
antiparallel component to the field, respectively. Tetrahedra A and B
with apical spins outward and inward, respectively, should be distin-
guished from each other under the magnetic field along [111].
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結晶中でスピンがどのように振る舞うか？
スピン間相互作用
(最近接、ダイポール) 幾何的な構造

低温(50mK)まで長距離オーダーしない

+

基底状態(two in two out)が無数に存在
すべての四面体がtwo in two out を実現
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PERSPECTIVES

stitutes tetrahedra that obey the ice rule along 
the path (6). In his effort to alter the standard 
theory of electromagnetism as little as possi-
ble ( 12), Dirac ( 5) postulated that a monopole-
antimonopole pair is connected by an unob-
servable “string” or tightly wound magnetic 
solenoids. In spin ices, the “Dirac strings” of 
reversed spins have direct consequences ( 3) 
and are observable ( 4). Because all tetrahe-
dra, except the two adjoining the north and 
south poles, fulfi ll the ice rule, the string is 
without tension and the energy to separate the 
poles by an infi nite distance is fi nite (1)—the 
defects are dissociated, or deconfi ned.

The monopoles in spin ice act like mag-
netic charges: They obey analogous electric 
fi eld laws and exhibit an effective Coulomb’s 
law for their interaction strength. At zero tem-
perature, the spin-ice state can be viewed as a 
“vacuum” free of monopoles and is referred 
to as a “magnetic Coulomb phase” ( 3). This 
analogy affords a mathematical framework 
for calculating the underlying spin correla-
tions of the rare-earth magnetic moments. 
Thermal fl uctuations that create dissociated 
monopoles are sources of the analogous elec-
tric fi eld that modifi es the spin correlations 
( 3,  4) and the dissociated monopoles can be 
used to describe the low-temperature thermo-
dynamic properties of the material ( 1,  4).

Neutron scattering can probe the “Cou-
lomb phase” nature of the spin-ice state by 
measuring the spin-spin correlation function, 
C(r), where r is the distance between spins. In 
the absence of thermally induced monopoles, 
C(r) does not decay exponentially with r, as 
would be the case for a conventional thermally 
disordered paramagnet. Rather, C(r) is theo-

retically expected to 
display the same spa-
tial anisotropy and r–3 
decay as a dipolar inter-
action. These correla-
tions are manifest in 
the neutron scattering 

as “bow-tie” pinch-point singularities at par-
ticular neutron-scattering directions of wave 
vectors Q, which correspond to a “reciprocal 
space” of the real-space lattice in the crystals. 
The theoretical argument for the magnetic 
Coulomb phase ( 1) is highly compelling, but 
all previous neutron-scattering experiments, 
such as those on Ho

2
Ti

2
O

7
 ( 13) and Dy

2
Ti

2
O

7
 

( 14), failed to fi nd an unmistakable signature 
of the pinch points. Unlike prior studies, Fen-
nell et al. performed a polarized neutron-scat-
tering experiment where the scattering signal 
is separated in two components. The pinch 
points are clearly revealed in the component 
where the neutron spin is fl ipped, confi rming 
the theoretical prediction. The pinch points 
are obscured in the more intense “non-spin 
fl ip” signal, which helps to explain why previ-
ous studies were inconclusive.

In their analysis, Fennell et al. introduced a 
parameter that cuts off the pinch-point singu-
larities in reciprocal space, which they associ-
ate with the typical length of the Dirac strings. 
Whereas their experiment was performed in 
zero magnetic fi eld and did not directly probe 
those strings, Morris et al. applied a mag-
netic fi eld B along the [100] crystal direc-
tion to induce a magnetically polarized state 
where the ice rule and the minimum magnetic 
fi eld energy, or Zeeman energy, are satisfi ed 
simultaneously (see the fi gure, panel C). The 
magnetic fi eld strength can be tuned near a 
transition where thermally excited mono-
pole-antimonopole pairs start to proliferate. 
The resulting fl ipped spins of the Dirac string 
are then oriented against the magnetic fi eld 
direction, with the strings causing cone-like 
features observable in the scattering inten-

sity pattern. The conic features transform in 
inclined sheets of scattering when the fi eld 
direction is tilted away from the [100] direc-
tion, in close concordance with the calcula-
tions of Morris et al. for this state. The spe-
cifi c heat in zero magnetic fi eld can also be 
described well in terms of a dilute gas of ther-
mally excited monopoles ( 4).

The demonstration that dissociated mono-
pole-like excitations in spin ices can be 
observed and manipulated may help guide 
future studies of similar topological excita-
tions in other exotic condensed matter sys-
tems. Of particular interest is the exploration 
of geometrically frustrated magnetic systems 
with large quantum mechanical zero-point 
fl uctuations of the magnetic moments away 
from the classical Ising spin directions ( 15, 
 16) enforced in the Ho

2
Ti

2
O

7
 and Dy

2
Ti

2
O

7
 

spin ices considered in ( 3,  4). Such quan-
tum magnets could provide condensed matter 
physicists with systems that mimic the phys-
ics of quantum electrodynamics. 
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Magnetic
field direction

A

C

B

Spin excitations creating magnetic monopoles. (A) Spins on two adjacent tet-

rahedra for magnetic ions in the pyrochlore lattice satisfy a rule that requires two 

spins pointing in and two spins pointing out, similar to the arrangement of pro-

tons in water ice. (B) The reversal of a spin connecting two tetrahedra amounts 

to the creation of a “monopole” and an “antimonopole” that differ in magnetic 

“charge.” At fi nite temperature, monopole-antimonopole pairs are created by 

thermal fl uctuations. The monopoles can separate, leaving behind a “Dirac string” 

of reversed spins. Their signature was deduced in spin-polarized neutron scatter-

ing by Fennell et al. in zero applied magnetic fi eld, where the Dirac strings have no 

preferred orientation. (C) For a magnetic fi eld applied along the crystallographic 

[100] direction shown, the ground state has the magnetic moments on each tetra-

hedron pointing with the fi eld, which still maintains the two-in, two-out rule. Two 

separated tetrahedra, each with a fl ipped spin (three in, red; three out, blue) leads 

to a pair of monopoles connected by a string (green) of spins reversed against the 

fi eld. Morris et al. observed a signature for this string in their neutron-scattering 

data by carefully tuning the applied magnetic fi eld.
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the excited states are not accessed thermally.
The Ho3! moments therefore behave as almost
pure two-state spins that approximate classical
Ising spins pointing “in” or “out” of the ele-
mentary tetrahedra (Fig. 1). Direct evidence of
the single ion anisotropy comes from bulk mag-
netization (18, 19, 22), where saturation is ob-
served at roughly half the expected value, ow-
ing to the fact that applied fields of several
Tesla are too weak to turn the Ho3! significant-
ly away from their local quantization axes.

Experimental investigation of the spin
correlations in Ho2Ti2O7 began in 1996 (15).
Before this, susceptibility measurements (24)
had revealed a peak in the susceptibility of
Ho2Ti2O7 at "1 K, suggestive of antiferro-
magnetic interactions. The first muon spin
relaxation (#SR) and neutron-scattering ex-
periments seemed to confirm this frustrated
antiferromagnetic scenario with no evidence
of long-range order down to $50 mK (15,
23). However, a pyrochlore antiferromagnet,
with essentially infinite local %111& Ising an-
isotropy, should develop a long-range or-
dered state at a critical temperature of order
of the Curie-Weiss temperature ('CW), "1 K
(25, 26). Consequently, the failure of Ho2Ti2O7

to display a transition down to "50 mK was
found to be rather paradoxical. However, new
susceptibility studies soon suggested a rather
different picture. The large moment of Ho3!

was found to produce a strong demagnetizing
field that caused the experimental Curie-Weiss
temperature (measured by the intercept of the
inverse susceptibility versus temperature curve)
to be either ferromagnetic or antiferromagnetic
depending on crystal shape. Careful correction
for this shape-dependent effect indicated that
'CW ( 1.9 ) 0.1 K, an intrinsically ferromag-
netic value. It therefore seemed that Ho2Ti2O7

should be described, at least to a first approxi-
mation, as a %111& Ising ferromagnet. But this
description at first seemed contrary to the ob-
served absence of long-range order—it was
“obvious” that a ferromagnet should order at
low temperature!

As often happens in science, the paradox
was resolved as soon as the obvious was aban-
doned in the face of experimental evidence.

Calculation showed that the ground state of a
tetrahedron of ferromagnetically coupled Ising
spins is the “two-in, two-out” state illustrated in
Fig. 1. It was then recalled that Anderson had
shown the pyrochlore lattice to be the medial
lattice (lattice formed by the midpoints of the
bonds) of the diamond-like oxide lattice of
cubic ice (14). Hence, the two-in, two-out
condition is analogous to the ice rules, and the
ground state of the nearest-neighbor ferromag-
netic model is, like that of ice, macroscopically
degenerate (15, 25). The absence of long-range
order in Ho2Ti2O7 could then be explained at
a qualitative level and the “spin ice” model,
the %111& Ising ferromagnet, was christened.
This simple model was found to be consistent
with the field-induced ordering patterns ob-
served by neutron scattering (15). On the basis
of similar susceptibility properties, Dy2Ti2O7

and Yb2Ti2O7 were also suggested to be
spin ice materials (27 ). So far, only
Ho2Ti2O7 (15, 28), Dy2Ti2O7 (29, 30), and,
more recently, Ho2Sn2O7 (31), have been
positively confirmed.

The magnetization and elastic neutron-scat-
tering measurements described above provided
the initial compelling arguments for the spin ice
phenomenology associated with Ho2Ti2O7 (15).
However, specific-heat measurements by
Ramirez and co-workers (29, 32) on Dy2Ti2O7

have given a more direct experimental evidence
of the macroscopic degeneracy associated with
the spin-ice rules. The top panel of Fig. 3 shows
the temperature dependence of the magnetic
specific heat, C(T), for a powdered sample of
Dy2Ti2O7 (29). The data show no sign of a
phase transition, as would be indicated by a
sharp feature in C(T). Instead, one observes a
broad maximum at a temperature Tpeak ( 1.2 K,

which is on the order of the energy scale of the
magnetic interactions in that material, as mea-
sured by the Curie-Weiss temperature, "1 K.
The specific heat has the appearance of a Schot-
tky anomaly, the characteristic curve for a sys-
tem with two energy levels. At the low-temper-
ature side of the Schottky peak, C(T) falls rap-
idly toward zero, indicating an almost complete
freezing of the magnetic moments.

Ramirez and colleagues determined the
ground-state entropy using a method analo-
gous to that applied by Giauque and co-
workers to water ice. In general one can only
measure a change in entropy between two
temperatures. Giauque et al. computed the
entropy change of water between liquid heli-
um temperatures and the gas phase by inte-
grating the specific heat (2) and then compar-
ing this value with the absolute entropy cal-
culated for the gas phase using spectroscopic
measurements of the energy levels of the
water molecule. The difference gave the re-
sidual entropy, later calculated by Pauling
(4). The approach of Ramirez and co-workers
was to integrate the magnetic specific heat
between T1 ( 300 mK in the frozen regime
and T2 ( 10 K in the paramagnetic regime,
where the expected entropy should be Rln(2)
for a two-state system. The magnetic entropy
change, *S, was determined by integrating
C(T)/T between these two temperatures:

*S1, 2 ( !
T1

T2
C+T,

T
dT (1)

The lower panel of Fig. 3 shows that the
magnetic entropy recovered is about 3.9 J
mol-1 K-1, a number that falls considerably
short of the value Rln(2) " 5.76 J mol-1

K-1. The difference, 1.86 J mol-1 K-1 is
quite close to Pauling’s estimate for the en-
tropy associated with the extensive degener-
acy of ice: (R/2)ln(3/2) ( 1.68 J mol-1 K-1,
consistent with the existence of an ice-rule
obeying spin ice state in Dy2Ti2O7.

Dipolar Spin Ice
As mentioned above, the magnetic cations Ho3!

and Dy3! in Ho2Ti2O7 and Dy2Ti2O7 carry a
very large magnetic moment, #, of about 10#B.
Furthermore, these moments are exceedingly
well characterized by almost perfect effective
classical Ising spins constrained to point along
the local %111& directions below a temperature
on the order of 200 K for Ho2Ti2O7 and 300 K
for Dy2Ti2O7. This is borne out from direct
experimental evidence (see Fig. 2), magnetiza-
tion measurements, inelastic neutron measure-
ments, and crystal field theoretical calculations
(17–21). Large magnetic moments are reason-
ably common among rare-earth materials, and
this gives rise to a sizable magnetic dipole en-
ergy. With a cubic unit cell dimension a " 10.1
Å, an estimate of the dipolar energy scale for
two %111& Ising moments, Dnn, gives

Fig. 3. (A) Specific-heat and (B) entropy data
for Dy2Ti2O7 (29) compared with Monte Carlo
simulation results for the dipolar spin ice model
(34), with Jnn ( -1.24 K, Dnn ( 2.35 K and
system size of 1024 spins.

Fig. 2. Flux-grown octahedral crystal of
Ho2Ti2O7 stuck to a NdFeB permanent magnet
at room temperature. The strong paramagnet-
ism reflects the large magnetic moment of
Ho3!.

www.sciencemag.org SCIENCE VOL 294 16 NOVEMBER 2001 1497
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残留エントロピーの実験的証拠
強磁場を縮退している系に印加
残留エントロピーを解放

Dy2Ti2O7の比熱とエントロピー

解放された残留エントロピー

S.T.Bramwell Science294,1495(2001)
2010年7月26日月曜日



1.基底状態はtwo in two out
2.絶対零度でもオーダーせず
残留エントロピーが存在

このような磁気的な相のことを
スピンアイス相という

スピンアイス相とは何か
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磁気モノポール系としてのスピンアイス
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モノポールとは何か

素粒子の大統一理論
（GUT）

モノポールの存在を要請

PAM Diracが
初めて提唱

P.A.M.Dirac  PR vol74,74(1948)
P.A.M.Dirac RSPA 0130(1931)

存在を仮定すると
必ず磁荷は量子化される

程度の重さ

しかしスクイド、固体飛跡検出器等で観測する
試みは一度も成功していない
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モノポールとは何か

スピンアイス物質のエネルギー励起を
モノポール生成のアナロジーで理解できる

C. Castelnovo, R. Moessner らによる提案

C.Castelnovo etal.
nature 451(2008)

スピンアイス物質を調べることで
モノポールの性質を調べることができる

2010年7月26日月曜日



なぜモノポールができるか直感的理解
１：two in two out状態でスピンの反転

必要なエネルギーは4K程度 四面体の中心に隣り合った異なる
符号の磁石の極

B

A
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磁極は隣の四面体のスピン反転
を利用して自由に移動

（必要なエネルギーは０）

なぜモノポールができるか直感的理解
２：生成された極の自由な移動

結晶中を自由に
移動する磁極 モノポール

Magnetic
field direction

C

B
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どのような粒子をモノポールと言えるか

1.モノポール同士がクーロン相互作用すること

2.モノポールが空間を自由に移動すること
3.単独で存在しうること
スピンアイス中の疑似モノポールの性質

1.満たす
2.だいたい満たす
3.満たさない

モノポールが満たすべき条件

このセクションのメイン

対でしか作れない

サンプルサイズ、移動のエネルギー

(一番重要な特徴)
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モノポール同士がクーロン相互作用すること
スピン間のダイポール相互作用

Ho2Ti2O7 Dy2Ti2O7
J

D

-1.24K -0.52K

2.35K 2.35K

希土類イオンはダイポール相互作用が大きい

最近接は強磁性的
ダイポールは反強磁性的
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モノポール同士がクーロン相互作用すること
スピン間のダイポール相互作用

dumbbell model

モノポール間のクーロン相互作用が直接でる

　が自然に導出される

C.Castelnovo etal.nature 451(2008)
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モノポール同士がクーロン相互作用すること
スピン間のダイポール相互作用

モノポール間のクーロン相互作用が直接でる

クーロン相互作用は
ダイポール相互作用の
結果として生じる

dumbbell model
C.Castelnovo etal.nature 451(2008)
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モノポールの存在を言うために

スピン間のダイポール相互作用の存在

モノポール間のクーロン相互作用の存在

スピンアイス相がモノポール系を実現していることを言うには
以下の二つのことを言わなければならない

magnetic Coulomb Phaseの存在 
モノポールがクーロン相互作用
しつつ自由に動く相のこと
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緩和時間測定
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緩和時間からみるモノポールの存在NATURE PHYSICS DOI: 10.1038/NPHYS1227 LETTERS
a

b

Figure 1 | Spin-ice structure and emergence of monopoles. a, The
magnetic ions (Ho3+ or Dy3+) lie on the sites of the pyrochlore lattice and
are constrained to the bonds of the dual diamond lattice (dashed lines).
Local topological excitations 3 in–1 out or 3 out–1 in correspond to magnetic
monopoles with positive (blue sphere) or negative (red sphere) charges
respectively. b, The diamond lattice provides the skeleton for the network
of Dirac strings with the position of the monopole restricted to the vertices.
The orientation of the Dirac strings shows the direction of the local field
lines in H.

anArrhenius law τ =τ0 exp(2 Jeff/kBT ), as shownby the red curve in
Fig. 2. The timescale τ0 is fixed by fitting to the experimental time

at 4 K with Jeff = 1.11K, the value estimated for Dy2Ti207 (ref. 7).

2 Jeff is the energy cost of a single, free topological defect in the

nearest-neighbour approximation and is half that for a single spin

flip. The calculation fits the data over the low-temperature part

of the quasi-plateau region, where one expects a significant defect

concentration without any double defects (4-in or 4-out), and gives

surprisingly good qualitative agreement at lower temperature, as

the concentration decreases. Although still in the tunnelling regime,

the plateau region corresponds to high temperature for the effective

Ising system. Good agreement here provides a stringent test and any

Temperature (K)

1

0 3 6 9 12 15 18

τ
(s

)

10¬4

10¬3

10¬2

10¬2

10¬1 10¬1

1

0 1 2 3

Figure 2 | Relaxation timescales τ in Dy2Ti2O7: experiment and
simulation. The experimental data (crosses) are from Snyder et al.3. The
Arrhenius law (red line) represents the free diffusion of topological defects
in the nearest-neighbour model. The relaxation timescale of the Dirac
string network driven by Metropolis dynamics of magnetic monopoles has
been obtained for fixed chemical potential (pink filled triangles) and with µ

varying slowly to match the defect concentration in dipolar spin ice (blue
filled circles). The temperature scale is fixed without any free parameters.
Inset: The same data shown in the low-temperature region.

theory not fitting must be discarded. The above expression clearly

does a good job, enabling us to equate τ0 with the microscopic

tunnelling time. This test therefore already provides very strong

evidence for the fractionalization ofmagnetic charge
2
and the diffu-

sion of unconfined particles.However, this (or any other) Arrhenius

function ultimately fails, underestimating the timescale at very low

temperature: although it is possible to fit the data reasonably below

2K by a single exponential function by varying the barrier height,

simultaneous agreement along the plateau and at lower temperature

is impossible. The role of the missing Coulomb interaction is there-

fore clear: although non-confining, it must considerably increase

the relaxation timescale by modifying the defect concentration and

slowing downdiffusion through the creation of locally boundpairs.

We have tested this idea by directly simulating a Coulomb gas of

magnetically charged particles (monopoles), in the grand canonical

ensemble, occupying the sites of the diamond lattice. The magnetic

charge is taken as qi = ±q. In the grand canonical ensemble, the

chemical potential is an independent variable, of which the value in

the correspondingmagnetic experiment is unknown. In a first series

of simulations, we have estimated it numerically by calculating

the difference between the Coulomb energy gained by creating

a pair of neighbouring magnetic monopoles and that required

to produce a pair of topological defects in the dipolar spin-ice

model, with parameters taken from ref. 7, giving a configurationally

averaged estimate µ/kB = 8.92K. In a second series of simulations,

µ was taken as the value required to reproduce the same defect

concentration as in a simulation of dipolar spin ice at temperature

T . Here, µ varied only by 3%, with the same mean value as

in the first series, showing that our procedure is consistent. The

chemical potential used is thus not a free parameter. As the

Coulomb interaction is long-ranged, we treat a finite system

using the Ewald summation method
20,21

. The monopoles hop

between nearest-neighbour sites through the Metropolis Monte

Carlo algorithm, giving diffusive dynamics, but with a further local

constraint: in the spin model a 3 in–1 out topological defect can

move at low energy cost by flipping one of the 3-in spins, the

direction of the out-spin being barred by an energy barrier of

8 Jeff. An isolated monopole can therefore hop to only 3 out of

4 of its nearest-neighbour sites, dictated by an oriented network

of constrained trajectories similar to the ensemble of classical

NATURE PHYSICS | VOL 5 | APRIL 2009 | www.nature.com/naturephysics 259

最近接相互作用モデル

測定結果

ダイポールモデル

Dy2Ti2O7のスピン緩和時間
の温度依存性

J.C.D.Jaubert etal.nature phys (2009)
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緩和時間からみるモノポールの存在NATURE PHYSICS DOI: 10.1038/NPHYS1227 LETTERS
a

b

Figure 1 | Spin-ice structure and emergence of monopoles. a, The
magnetic ions (Ho3+ or Dy3+) lie on the sites of the pyrochlore lattice and
are constrained to the bonds of the dual diamond lattice (dashed lines).
Local topological excitations 3 in–1 out or 3 out–1 in correspond to magnetic
monopoles with positive (blue sphere) or negative (red sphere) charges
respectively. b, The diamond lattice provides the skeleton for the network
of Dirac strings with the position of the monopole restricted to the vertices.
The orientation of the Dirac strings shows the direction of the local field
lines in H.

anArrhenius law τ =τ0 exp(2 Jeff/kBT ), as shownby the red curve in
Fig. 2. The timescale τ0 is fixed by fitting to the experimental time

at 4 K with Jeff = 1.11K, the value estimated for Dy2Ti207 (ref. 7).

2 Jeff is the energy cost of a single, free topological defect in the

nearest-neighbour approximation and is half that for a single spin

flip. The calculation fits the data over the low-temperature part

of the quasi-plateau region, where one expects a significant defect

concentration without any double defects (4-in or 4-out), and gives

surprisingly good qualitative agreement at lower temperature, as

the concentration decreases. Although still in the tunnelling regime,

the plateau region corresponds to high temperature for the effective

Ising system. Good agreement here provides a stringent test and any
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Figure 2 | Relaxation timescales τ in Dy2Ti2O7: experiment and
simulation. The experimental data (crosses) are from Snyder et al.3. The
Arrhenius law (red line) represents the free diffusion of topological defects
in the nearest-neighbour model. The relaxation timescale of the Dirac
string network driven by Metropolis dynamics of magnetic monopoles has
been obtained for fixed chemical potential (pink filled triangles) and with µ

varying slowly to match the defect concentration in dipolar spin ice (blue
filled circles). The temperature scale is fixed without any free parameters.
Inset: The same data shown in the low-temperature region.

theory not fitting must be discarded. The above expression clearly

does a good job, enabling us to equate τ0 with the microscopic

tunnelling time. This test therefore already provides very strong

evidence for the fractionalization ofmagnetic charge
2
and the diffu-

sion of unconfined particles.However, this (or any other) Arrhenius

function ultimately fails, underestimating the timescale at very low

temperature: although it is possible to fit the data reasonably below

2K by a single exponential function by varying the barrier height,

simultaneous agreement along the plateau and at lower temperature

is impossible. The role of the missing Coulomb interaction is there-

fore clear: although non-confining, it must considerably increase

the relaxation timescale by modifying the defect concentration and

slowing downdiffusion through the creation of locally boundpairs.

We have tested this idea by directly simulating a Coulomb gas of

magnetically charged particles (monopoles), in the grand canonical

ensemble, occupying the sites of the diamond lattice. The magnetic

charge is taken as qi = ±q. In the grand canonical ensemble, the

chemical potential is an independent variable, of which the value in

the correspondingmagnetic experiment is unknown. In a first series

of simulations, we have estimated it numerically by calculating

the difference between the Coulomb energy gained by creating

a pair of neighbouring magnetic monopoles and that required

to produce a pair of topological defects in the dipolar spin-ice

model, with parameters taken from ref. 7, giving a configurationally

averaged estimate µ/kB = 8.92K. In a second series of simulations,

µ was taken as the value required to reproduce the same defect

concentration as in a simulation of dipolar spin ice at temperature

T . Here, µ varied only by 3%, with the same mean value as

in the first series, showing that our procedure is consistent. The

chemical potential used is thus not a free parameter. As the

Coulomb interaction is long-ranged, we treat a finite system

using the Ewald summation method
20,21

. The monopoles hop

between nearest-neighbour sites through the Metropolis Monte

Carlo algorithm, giving diffusive dynamics, but with a further local

constraint: in the spin model a 3 in–1 out topological defect can

move at low energy cost by flipping one of the 3-in spins, the

direction of the out-spin being barred by an energy barrier of

8 Jeff. An isolated monopole can therefore hop to only 3 out of

4 of its nearest-neighbour sites, dictated by an oriented network

of constrained trajectories similar to the ensemble of classical

NATURE PHYSICS | VOL 5 | APRIL 2009 | www.nature.com/naturephysics 259

最近接相互作用モデル

測定結果

ダイポールモデル

ダイポール相互作用が存在
J.C.D.Jaubert etal.nature phys (2009)
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比熱測定
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比熱測定からみるモノポールの存在

Dirac Strings and Magnetic Monopoles
in the Spin Ice Dy2Ti2O7
D. J. P. Morris,1* D. A. Tennant,1,2* S. A. Grigera,3,4* B. Klemke,1,2 C. Castelnovo,5 R. Moessner,6
C. Czternasty,1 M. Meissner,1 K. C. Rule,1 J.-U. Hoffmann,1 K. Kiefer,1 S. Gerischer,1
D. Slobinsky,3 R. S. Perry7

Sources of magnetic fields—magnetic monopoles—have so far proven elusive as elementary particles.
Condensed-matter physicists have recently proposed several scenarios of emergent quasiparticles
resembling monopoles. A particularly simple proposition pertains to spin ice on the highly frustrated
pyrochlore lattice. The spin-ice state is argued to be well described by networks of aligned dipoles
resembling solenoidal tubes—classical, and observable, versions of a Dirac string. Where these tubes end,
the resulting defects look like magnetic monopoles. We demonstrated, by diffuse neutron scattering, the
presence of such strings in the spin ice dysprosium titanate (Dy2Ti2O7). This is achieved by applying a
symmetry-breaking magnetic field with which we can manipulate the density and orientation of the
strings. In turn, heat capacity is described by a gas of magnetic monopoles interacting via a magnetic
Coulomb interaction.

Despite searching within the cosmic radi-
ation, particle colliders, and lunar dust,
free magnetic monopoles have not been

observed (1, 2). This is particularly disappointing
given that unification theories have predicted
their existence. Dirac’s original vision for mono-
poles involves a string singularity carrying mag-
netic flux, the ends of which act as north and
south monopoles. We report the observation of
analogous strings and magnetic monopoles in
spin ice, magnetic compound Dy2Ti2O7 with
a pyrochlore lattice structure. This is a real-
ization of magnetic fractionalization in three
dimensions, a separation of north and south
monopoles.

Dysprosium titanate contains magnetic 162Dy
ions in the highly frustrated pyrochlore lattice
that have ferromagnetic exchange and dipolar
interactions between the spins. The pyrochlore
lattice is a three-dimensional (3D) structure built
from corner-sharing tetrahedra (Fig. 1A). Spin ice is
realized on this lattice when spins placed on the
vertices are constrained to point radially into or out of
the tetrahedra and are coupled ferromagnetically—
or, as in the case of Dy2Ti2O7, through dipolar
coupling (3). This leads to the lowest-energy spin
configurations obeying the “ice rules” of two spins
pointing into, and two out of, each tetrahedron.
This is equivalent to the physics of the proton

arrangement in ice, where two protons sit close to
each oxygen and two far away—and indeed spin
ice exhibits the Pauling ice entropy S ≈ (R/2) ln(3/2)
per spin (4, 5), reflecting a huge low-energy den-
sity of states in zero magnetic field.

Each spin can be thought of as a small dipole
or solenoid channelingmagnetic flux into and out
of a tetrahedron. The ice rules are too weak to
impose magnetic long-range order, but they do
induce dipolar power-law correlations resulting
in characteristic pinch-point features in neutron
scattering (6–10).

A spin flip violates the ice rule in two
tetrahedra, at a cost of ~2 K per tetrahedron in
Dy2Ti2O7. It was proposed that to a good
approximation this can be viewed as the for-
mation of a pair of monopoles of opposite sign in
adjacent tetrahedra (11). These monopoles are
deconfined (Fig. 1A); they can separate and
move essentially independently. Thus, the equi-
librium defect density is determined not by the
cost of a spin flip but by the properties of the gas
of interacting monopoles. In Fig. 1B, we com-
pare themeasured heat capacity toDebye-Hückel
theory (12), which describes a gas of monopoles
with Coulomb interactions. This theory is appro-
priate to low temperatures, where the monopoles
are sparse, and it captures the heat capacity quan-
titatively. At higher temperatures, spin ice turns
into a more conventional paramagnet and the
monopole description breaks down (13). Together
with a recent analysis of dynamic susceptibility
(14), this lends strong support to the monopole
picture of the low-temperature phase of spin ice.

Monopole deconfinement is reflected in the
spin configurations: As the two monopoles of
opposite sign separate, they leave a tensionless
string of reversed spins connecting them. These
strings of reversed flux between the monopoles
can be viewed as a classical analog of a Dirac
string. In the theory of Dirac (15), these are
infinitely narrow, unobservable solenoidal tubes
carrying magnetic flux density (B-field) emanat-
ing from themonopoles. Here, the strings are real
and observable thanks to the preformed dipoles
of the spins; strings can change length and shape

1Helmholtz-Zentrum Berlin für Materialien und Energie,
Glienicker Str. 100, D-14109 Berlin, Germany. 2Institut für
Festkörperphysik, Technische Universität Berlin, Hardenbergstr.
36, D-10623 Berlin, Germany. 3School of Physics and As-
tronomy, North Haugh, St. Andrews, Fife KY15 9SS, UK.
4Instituto de Física de Líquidos y Sistemas Biológicos, CONICET,
UNLP, La Plata, Argentina. 5Rudolf Peierls Centre for Theo-
retical Physics, 1 Keble Road, Oxford OX1 3NP, UK. 6Max-
Planck-Institut für Physik Komplexer Systeme, Nöthnitzer Str.
38, D-01187 Dresden, Germany. 7School of Physics, University
of Edinburgh, Mayfield Road, Edinburgh EH9 3JZ, UK.

*To whom correspondence should be addressed. E-mail:
jonathan.morris@helmholtz-berlin.de (D.J.P.M.); tennant@
helmholtz-berlin.de (D.A.T); sag@iflysib.unlp.edu.ar (S.A.G.)

Fig. 1. Gas of deconfined magnetic monopoles. (A) The Ising
spins are constrained to point along the direction connecting the
centers of the two tetrahedra they belong to. The lowest energy

for a tetrahedron is obtained for a two-in-two-out configuration, as illustrated. There are six such
configurations with net ferromagnetic moments along one of the six equivalent 〈100〉 directions. The
noncollinearity of the Ising axes is the source of the frustration in spin ice. In Dy2Ti2O7 the “Ising” crystal
field doublet is separated from other levels by more than 100 K. Applying a field, B || [001], results in a
preference for aligning the tetrahedral magnetization with the applied field direction (arrow). In the 3D
pyrochlore lattice, Dirac strings of flipped spins terminate on tetrahedra where magnetic monopoles
reside. (B) The measured heat capacity per mole of Dy2Ti2O7 at zero field (open squares) is compared with
a Debye-Hückel theory for the monopoles (blue line) and the best fit to a single-tetrahedron (Bethe lattice)
approximation (red line). The ice-blue background indicates the spin-ice regime; the yellow background
indicates the paramagnetic regime.
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モノポールがクーロン相互作用するモデル
（クーロンガスのようなモデル）

最近接相互作用のみ考えたモデル

Dy2Ti2O7の比熱測定結果

D.J.P Morris etal.Science 326, 411 (2009)
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中性子散乱
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中性子散乱からみるモノポールの存在

incident neutron polarization, the SF and NSF
cross sections yield information on Syy(Q) and
Szz(Q), respectively. We used a single crystal of
Ho2Ti2O7 to map diffuse scattering in the h, h, l
plane. Previous unpolarized experiments (20, 22)
have measured the sum of the SF and NSF
scattering, but in this orientation only the SF
scattering would be expected to contain pinch
points (26).

Our results (Fig. 2A) show that at temperature
(T) = 1.7 K there are pinch points in the SF cross
section at the Brillouin zone centres (0, 0, 2),
(1, 1, 1), and (2, 2, 2) (Fig. 2A) but not in the
NSF channel (Fig. 2B). The total scattering (SF +
NSF) reveals the pinch points only very weakly
(Fig. 2C) because the NSF component dominates
near the zone center. This is explicitly illustrated
with cuts across the zone center showing that the
strong peak at the pinch point in the SF channel is
only weakly visible in the total (Fig. 3B). The
total scattering (Figs. 2C and 3B) can be com-
pared with the previous observations and calcu-
lations (20, 22), in which no pinch points were
detected. The use of polarized neutrons extracts
the pinch-point scattering from the total scattering,
and the previous difficulty in resolving the pinch
point is clearly explained.

The projective equivalence of the dipolar and
near-neighbor spin ice models (10) suggests that
above a temperature scale set by the r−5 cor-
rections, the scattering from Ho2Ti2O7 should

become equivalent to that of the near-neighbor
model. T = 1.7 K should be sufficient to test
this prediction because it is close to the temper-
ature of the peak in the electronic heat capacity
that arises from the spin ice correlations [1.9 K
(20)]. In our simulations of the near-neighbor
spin ice model (Fig. 2, D to F), the experimen-
tal SF scattering (Fig. 2A) appears to be very
well described by the near-neighbor model,
whereas the NSF scattering is not reproduced by
the theory. However, we have discovered that
S(Q)experiment/S(Q)theory is approximately the same
function f (Q) for both channels. Thus, because
the theoretical NSF scattering function is approx-
imately constant, we find f ðQÞ ≈ SðQÞexperiment

NSF .
This function may be described as reaching a
maximum at the zone boundary and a finite
minimum in the zone center. Using the above
estimate of f (Q), the comparison of the quan-
tity SðQÞexperiment

SF =f ðQÞ with SðQÞtheorySF is con-
siderably more successful. Differences are less
than 5% throughout most of the scattering
map (26).

Cuts through the pinch point at (0, 0, 2)
at 1.7 K (Fig. 3, A and B) show that it has the
form of a low sharp saddle in the intensity. In
order to better resolve the line shape of the pinch
point, we performed an analogous polarized
neutron experiment on a higher-resolution spec-
trometer. To compare with theory, we used an
approximation to an analytic expression (13, 27).

In the vicinity of the (0, 0, 2) pinch point, this
becomes

Syyðqh, qk,qlÞº
q2l−2 þ x−2ice

q2l−2 þ q2h þ q2k þ x−2ice
ð1Þ

Here, xice is a correlation length for the ice rules
that removes the singularity at the pinch point
(27). The high-resolution data of Fig. 3C can be
described by this form, with a correlation length
xice ≈ 182 T 65 Å, representing a correlation vol-
ume of about 14,000 spin tetrahedra. The corre-
lation length has a temperature variation that is
consistent with an essential singularity ~exp(B/T),
with B = 1.7 T 0.1 K (Fig. 4C).

The scattering in the NSF channel is con-
centrated around Brillouin zone boundaries, as

Fig. 2. Diffuse scattering maps from spin ice, Ho2Ti2O7. Experiment [(A) to (C)] versus theory [(D) to
(F)]. (A) Experimental SF scattering at T = 1.7 K with pinch points at (0, 0, 2), (1, 1, 1), (2, 2, 2), and so
on. (B) The NSF scattering. (C) The sum, as would be observed in an unpolarized experiment (20, 22).
(D) The SF scattering obtained from Monte Carlo simulations of the near-neighbor model, scaled to
match the experimental data. (E) The calculated NSF scattering. (F) The total scattering of the near-
neighbor spin ice model.
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Fig. 3. Line shape of the pinch point. (A) Radial
scan on D7 through the pinch point at (0, 0, 2)
[s′ is the neutron scattering cross section; see (26)
for its precise definition]. (B) The corresponding
transverse scan. The lines are Lorentzian fits. (C)
Higher-resolution data, in which the line is a
resolution-corrected fit to the pinch point form Eq.
1 (the resolution width of the spectrometer is indi-
cated as the central Gaussian). (D) SF scattering at
increasing temperatures (the lines are Lorentzians
on a background proportional to the Ho3+ form
factor).
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pinch point

Intensity map

例

pinch point Intensityはその相が
magnetic Coulomb phase

であることの結果

スピンアイス物質が
magnetic Coulomb 
Phaseだった場合

スピンの相関距離は
スピン同士の距離のベキで落ちる
(密度の高いクーロンガスの場合、expで落ちる)

pinch point Intensityとして
中性子散乱の結果に現れる

2010年7月26日月曜日



中性子散乱からみるモノポールの存在

the formation of the spin ice state in real mate-
rials is due to long-range dipole-dipole interac-
tions, one needs to compare the spin-spin cor-
relations in real systems with that predicted by
the dipolar spin ice model. Recently, elastic
neutron-scattering experiments on a flux-grown

single crystal of Ho2Ti2O7 have found excellent
agreement with the predictions of the dipolar
spin ice model, and they establish unambiguous-
ly the spin ice nature of the zero-field spin
correlations in that material (28). These results
also show that the dipolar interactions beyond
nearest neighbor do slightly favor some of the
spin ice states over others although they do not
significantly affect the ground state entropy.

The elastic neutron-scattering pattern of
Ho2Ti2O7 at T ! 50 mK is shown in Fig. 4 and
compared with theoretical predictions for the
near-neighbor and dipolar spin ice models. The
pattern for near-neighbor spin ice successfully
reproduces the main features of the experimen-
tal pattern, but there are important differences,
both qualitative and quantitative, notably in the
extension of the 0, 0, 0 intense region along
[hhh] and the relative intensities of the regions
around 0, 0, 3 and 3/2, 3/2, 3/2. Also, the
experimental data show much broader regions
of scattering along the diagonal directions.
The dipolar model successfully accounts for
these discrepancies. In particular, it predicts
the four intense regions around 0, 0, 0, the
relative intensities of the regions around 0, 0,
3 and 3/2, 3/2, 3/2, and the spread of the broad
features along the diagonal. The neutron-scat-
tering data can in fact be accurately and quan-
titatively accounted for by the dipolar model
with no free parameter, once Jnn has been
determined by the height of the specific-heat
peak (28). Qualitatively similar scattering has
been observed in water ice and described by
an ice-rules configuration of protons (8).

To complete the description of the static
properties of Ho2Ti2O7, it was shown in refer-
ence (28) that the specific heat could be very
accurately described by the sum of the dipolar
spin ice contribution, with Dnn " 2.35 K, Jnn "
#0.52 K, and a nuclear spin contribution with
level splitting at !0.3 K, the large value typical
of a Ho3$ salt. Analysis of the hyperfine con-
tribution followed the early work of Blöte et al.
(17), who observed that the specific heat of
isostructural Ho2GaSbO7 can be accurately fit-
ted by the sum of two Schottky contributions,
one arising from the nuclear and one from the
electronic spins. It is interesting to note that
these authors had also commented on some
evidence for a residual entropy in Dy2Ti2O7,
later attributed by Ramirez et al. to spin ice
behavior (29).

The above results show that dipole-dipole
interactions can cause spin ice behavior, and
that the simple spin Hamiltonian defined in
Eq. 4 can provide a quantitative description
of experimental results on real materials. In
the next section, we discuss how, if dynamics
can be preserved in simulations, that dipole-
dipole interactions do stabilize a long-range
Néel order at a critical temperature Tc %%
Dnn, hence partially addressing the second
question above.

Open Issues and Avenues for Future
Research
Among open issues in the physics of dipolar
spin ice materials are the question of the “true
ground state,” the magnetic field–dependent
behavior, the effect of diamagnetic dilution,
the nature of the spin dynamics, and the
properties of spin ice–related materials.

The question of a true ground state has long
intrigued researchers on water ice, and the same
question applies to spin ice. A common inter-
pretation of the third law of thermodynamics is
that the true ground state of a real system must
be ordered, without entropy. If the system is
ergodic, that is, it can explore all its possible
arrangements, then presumably it should settle
into its absolutely minimum energy ground
state, which we refer to as its “true” ground
state. This is not observed, either in water ice or
in the spin ice materials. However, the experi-
mental zero-point entropy does not necessarily
mean that the system does explore its spin ice
manifold on the time scale of the experiment.
Rather, it suggests that the system, with a finite
correlation length, is self-averaging, so the ther-
modynamic average over one state is equivalent
to the canonical average over an ensemble of
states (42). If the system is “stuck” in a disor-
dered state, then, as discussed in the last section,
the following question arises: Would the long-
range part of dipolar interaction stabilize a true
ground state of lower energy than all the other
spin ice states if it was not dynamically inhibited
from forming as the system is cooled through
the temperature T ! Jeff at which the ice-rule
manifold develops? Recent theoretical work on
the dipolar spin ice model has answered the
above question in the affirmative: The low-
energy frozen state that forms does indeed de-
pend on the dynamics introduced (43). Numer-
ical simulation of the dipolar spin ice modelFig. 4. (A) Experimental neutron-scattering pat-

tern of Ho2Ti2O7 in the (hhl) plane of reciprocal
space at T & 50 mK (28). Dark blue shows the
lowest intensity level, red-brown the highest.
Temperature-dependent measurements have
shown that the sharp diffraction spots in the
experimental pattern are nuclear Bragg peaks with
no magnetic component. (B) Calculated neutron
scattering for the nearest-neighbor spin ice model
at T" 0.15J. (C) Calculated neutron scattering for
the dipolar spin ice model at T" 0.6 K. This can be
compared with the experimental scattering be-
cause the latter is temperature-independent in
this range. The areas defined by the solid lines
denote the experimental data region of (A).

Fig. 5. The predicted long-range or-
dered state of dipolar spin ice. Projected
down the z axis (A), the four tetrahedra
making up the cubic unit cell appear as
dark gray squares. The light gray square
in the middle does not represent a tet-
rahedron; however, its diagonally op-
posing spins occur in the same plane.
The component of each spin parallel to
the z axis is indicated by a plus and
minus sign. In perspective (B), the four
tetrahedra of the unit cell are numbered to enable comparison with (A).
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S.T.Bramwell Science294,1495(2001)

過去のデータでは、pinch pointを
観測することはできなかった

中性子がどのスピンと相互作用する
か考えてなかったから

T=50mK付近の
中性子散乱の結果

中性子のスピンの向きを制限して
サンプルに入射する

2010年7月26日月曜日



中性子散乱からみるモノポールの存在
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SOM 1: Geometry of the experiment with respect to a tetrahedron of the spin ice structure.
The incident neutron polarization P and crystalline [11̄0] axis are vertical, parallel to z. The
horizontal scattering plane h, h, l containing the experimental scattering vectors is perpendicular
to z. Two spins per tetrahedron have no component on z so do not contribute to the NSF cross
section.
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左図のようにスピンの向きが制限されていた場合
（non spin flipという）
相互作用するスピンは
４つの内、２つだけなので

すべてのスピンの状況を反映できない
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The incident neutron polarization P and crystalline [11̄0] axis are vertical, parallel to z. The
horizontal scattering plane h, h, l containing the experimental scattering vectors is perpendicular
to z. Two spins per tetrahedron have no component on z so do not contribute to the NSF cross
section.

5

P

左図のようにスピンの向きが制限されていた場合
(spin flipという）

すべてのスピンと相互作用するので
スピンの状況を全体的に反映できる
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中性子散乱からみるモノポールの存在

Ho2Ti2O7の1.7Kにおける
中性子散乱の結果

incident neutron polarization, the SF and NSF
cross sections yield information on Syy(Q) and
Szz(Q), respectively. We used a single crystal of
Ho2Ti2O7 to map diffuse scattering in the h, h, l
plane. Previous unpolarized experiments (20, 22)
have measured the sum of the SF and NSF
scattering, but in this orientation only the SF
scattering would be expected to contain pinch
points (26).

Our results (Fig. 2A) show that at temperature
(T) = 1.7 K there are pinch points in the SF cross
section at the Brillouin zone centres (0, 0, 2),
(1, 1, 1), and (2, 2, 2) (Fig. 2A) but not in the
NSF channel (Fig. 2B). The total scattering (SF +
NSF) reveals the pinch points only very weakly
(Fig. 2C) because the NSF component dominates
near the zone center. This is explicitly illustrated
with cuts across the zone center showing that the
strong peak at the pinch point in the SF channel is
only weakly visible in the total (Fig. 3B). The
total scattering (Figs. 2C and 3B) can be com-
pared with the previous observations and calcu-
lations (20, 22), in which no pinch points were
detected. The use of polarized neutrons extracts
the pinch-point scattering from the total scattering,
and the previous difficulty in resolving the pinch
point is clearly explained.

The projective equivalence of the dipolar and
near-neighbor spin ice models (10) suggests that
above a temperature scale set by the r−5 cor-
rections, the scattering from Ho2Ti2O7 should

become equivalent to that of the near-neighbor
model. T = 1.7 K should be sufficient to test
this prediction because it is close to the temper-
ature of the peak in the electronic heat capacity
that arises from the spin ice correlations [1.9 K
(20)]. In our simulations of the near-neighbor
spin ice model (Fig. 2, D to F), the experimen-
tal SF scattering (Fig. 2A) appears to be very
well described by the near-neighbor model,
whereas the NSF scattering is not reproduced by
the theory. However, we have discovered that
S(Q)experiment/S(Q)theory is approximately the same
function f (Q) for both channels. Thus, because
the theoretical NSF scattering function is approx-
imately constant, we find f ðQÞ ≈ SðQÞexperiment

NSF .
This function may be described as reaching a
maximum at the zone boundary and a finite
minimum in the zone center. Using the above
estimate of f (Q), the comparison of the quan-
tity SðQÞexperiment

SF =f ðQÞ with SðQÞtheorySF is con-
siderably more successful. Differences are less
than 5% throughout most of the scattering
map (26).

Cuts through the pinch point at (0, 0, 2)
at 1.7 K (Fig. 3, A and B) show that it has the
form of a low sharp saddle in the intensity. In
order to better resolve the line shape of the pinch
point, we performed an analogous polarized
neutron experiment on a higher-resolution spec-
trometer. To compare with theory, we used an
approximation to an analytic expression (13, 27).

In the vicinity of the (0, 0, 2) pinch point, this
becomes

Syyðqh, qk,qlÞº
q2l−2 þ x−2ice

q2l−2 þ q2h þ q2k þ x−2ice
ð1Þ

Here, xice is a correlation length for the ice rules
that removes the singularity at the pinch point
(27). The high-resolution data of Fig. 3C can be
described by this form, with a correlation length
xice ≈ 182 T 65 Å, representing a correlation vol-
ume of about 14,000 spin tetrahedra. The corre-
lation length has a temperature variation that is
consistent with an essential singularity ~exp(B/T),
with B = 1.7 T 0.1 K (Fig. 4C).

The scattering in the NSF channel is con-
centrated around Brillouin zone boundaries, as

Fig. 2. Diffuse scattering maps from spin ice, Ho2Ti2O7. Experiment [(A) to (C)] versus theory [(D) to
(F)]. (A) Experimental SF scattering at T = 1.7 K with pinch points at (0, 0, 2), (1, 1, 1), (2, 2, 2), and so
on. (B) The NSF scattering. (C) The sum, as would be observed in an unpolarized experiment (20, 22).
(D) The SF scattering obtained from Monte Carlo simulations of the near-neighbor model, scaled to
match the experimental data. (E) The calculated NSF scattering. (F) The total scattering of the near-
neighbor spin ice model.
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Fig. 3. Line shape of the pinch point. (A) Radial
scan on D7 through the pinch point at (0, 0, 2)
[s′ is the neutron scattering cross section; see (26)
for its precise definition]. (B) The corresponding
transverse scan. The lines are Lorentzian fits. (C)
Higher-resolution data, in which the line is a
resolution-corrected fit to the pinch point form Eq.
1 (the resolution width of the spectrometer is indi-
cated as the central Gaussian). (D) SF scattering at
increasing temperatures (the lines are Lorentzians
on a background proportional to the Ho3+ form
factor).
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T.Fennel etal.Science 326, 415 (2009)

incident neutron polarization, the SF and NSF
cross sections yield information on Syy(Q) and
Szz(Q), respectively. We used a single crystal of
Ho2Ti2O7 to map diffuse scattering in the h, h, l
plane. Previous unpolarized experiments (20, 22)
have measured the sum of the SF and NSF
scattering, but in this orientation only the SF
scattering would be expected to contain pinch
points (26).

Our results (Fig. 2A) show that at temperature
(T) = 1.7 K there are pinch points in the SF cross
section at the Brillouin zone centres (0, 0, 2),
(1, 1, 1), and (2, 2, 2) (Fig. 2A) but not in the
NSF channel (Fig. 2B). The total scattering (SF +
NSF) reveals the pinch points only very weakly
(Fig. 2C) because the NSF component dominates
near the zone center. This is explicitly illustrated
with cuts across the zone center showing that the
strong peak at the pinch point in the SF channel is
only weakly visible in the total (Fig. 3B). The
total scattering (Figs. 2C and 3B) can be com-
pared with the previous observations and calcu-
lations (20, 22), in which no pinch points were
detected. The use of polarized neutrons extracts
the pinch-point scattering from the total scattering,
and the previous difficulty in resolving the pinch
point is clearly explained.

The projective equivalence of the dipolar and
near-neighbor spin ice models (10) suggests that
above a temperature scale set by the r−5 cor-
rections, the scattering from Ho2Ti2O7 should

become equivalent to that of the near-neighbor
model. T = 1.7 K should be sufficient to test
this prediction because it is close to the temper-
ature of the peak in the electronic heat capacity
that arises from the spin ice correlations [1.9 K
(20)]. In our simulations of the near-neighbor
spin ice model (Fig. 2, D to F), the experimen-
tal SF scattering (Fig. 2A) appears to be very
well described by the near-neighbor model,
whereas the NSF scattering is not reproduced by
the theory. However, we have discovered that
S(Q)experiment/S(Q)theory is approximately the same
function f (Q) for both channels. Thus, because
the theoretical NSF scattering function is approx-
imately constant, we find f ðQÞ ≈ SðQÞexperiment

NSF .
This function may be described as reaching a
maximum at the zone boundary and a finite
minimum in the zone center. Using the above
estimate of f (Q), the comparison of the quan-
tity SðQÞexperiment

SF =f ðQÞ with SðQÞtheorySF is con-
siderably more successful. Differences are less
than 5% throughout most of the scattering
map (26).

Cuts through the pinch point at (0, 0, 2)
at 1.7 K (Fig. 3, A and B) show that it has the
form of a low sharp saddle in the intensity. In
order to better resolve the line shape of the pinch
point, we performed an analogous polarized
neutron experiment on a higher-resolution spec-
trometer. To compare with theory, we used an
approximation to an analytic expression (13, 27).

In the vicinity of the (0, 0, 2) pinch point, this
becomes

Syyðqh, qk,qlÞº
q2l−2 þ x−2ice

q2l−2 þ q2h þ q2k þ x−2ice
ð1Þ

Here, xice is a correlation length for the ice rules
that removes the singularity at the pinch point
(27). The high-resolution data of Fig. 3C can be
described by this form, with a correlation length
xice ≈ 182 T 65 Å, representing a correlation vol-
ume of about 14,000 spin tetrahedra. The corre-
lation length has a temperature variation that is
consistent with an essential singularity ~exp(B/T),
with B = 1.7 T 0.1 K (Fig. 4C).

The scattering in the NSF channel is con-
centrated around Brillouin zone boundaries, as

Fig. 2. Diffuse scattering maps from spin ice, Ho2Ti2O7. Experiment [(A) to (C)] versus theory [(D) to
(F)]. (A) Experimental SF scattering at T = 1.7 K with pinch points at (0, 0, 2), (1, 1, 1), (2, 2, 2), and so
on. (B) The NSF scattering. (C) The sum, as would be observed in an unpolarized experiment (20, 22).
(D) The SF scattering obtained from Monte Carlo simulations of the near-neighbor model, scaled to
match the experimental data. (E) The calculated NSF scattering. (F) The total scattering of the near-
neighbor spin ice model.
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Fig. 3. Line shape of the pinch point. (A) Radial
scan on D7 through the pinch point at (0, 0, 2)
[s′ is the neutron scattering cross section; see (26)
for its precise definition]. (B) The corresponding
transverse scan. The lines are Lorentzian fits. (C)
Higher-resolution data, in which the line is a
resolution-corrected fit to the pinch point form Eq.
1 (the resolution width of the spectrometer is indi-
cated as the central Gaussian). (D) SF scattering at
increasing temperatures (the lines are Lorentzians
on a background proportional to the Ho3+ form
factor).
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中性子のスピンの向きで分けて測定
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中性子散乱からみるモノポールの存在

incident neutron polarization, the SF and NSF
cross sections yield information on Syy(Q) and
Szz(Q), respectively. We used a single crystal of
Ho2Ti2O7 to map diffuse scattering in the h, h, l
plane. Previous unpolarized experiments (20, 22)
have measured the sum of the SF and NSF
scattering, but in this orientation only the SF
scattering would be expected to contain pinch
points (26).

Our results (Fig. 2A) show that at temperature
(T) = 1.7 K there are pinch points in the SF cross
section at the Brillouin zone centres (0, 0, 2),
(1, 1, 1), and (2, 2, 2) (Fig. 2A) but not in the
NSF channel (Fig. 2B). The total scattering (SF +
NSF) reveals the pinch points only very weakly
(Fig. 2C) because the NSF component dominates
near the zone center. This is explicitly illustrated
with cuts across the zone center showing that the
strong peak at the pinch point in the SF channel is
only weakly visible in the total (Fig. 3B). The
total scattering (Figs. 2C and 3B) can be com-
pared with the previous observations and calcu-
lations (20, 22), in which no pinch points were
detected. The use of polarized neutrons extracts
the pinch-point scattering from the total scattering,
and the previous difficulty in resolving the pinch
point is clearly explained.

The projective equivalence of the dipolar and
near-neighbor spin ice models (10) suggests that
above a temperature scale set by the r−5 cor-
rections, the scattering from Ho2Ti2O7 should

become equivalent to that of the near-neighbor
model. T = 1.7 K should be sufficient to test
this prediction because it is close to the temper-
ature of the peak in the electronic heat capacity
that arises from the spin ice correlations [1.9 K
(20)]. In our simulations of the near-neighbor
spin ice model (Fig. 2, D to F), the experimen-
tal SF scattering (Fig. 2A) appears to be very
well described by the near-neighbor model,
whereas the NSF scattering is not reproduced by
the theory. However, we have discovered that
S(Q)experiment/S(Q)theory is approximately the same
function f (Q) for both channels. Thus, because
the theoretical NSF scattering function is approx-
imately constant, we find f ðQÞ ≈ SðQÞexperiment

NSF .
This function may be described as reaching a
maximum at the zone boundary and a finite
minimum in the zone center. Using the above
estimate of f (Q), the comparison of the quan-
tity SðQÞexperiment

SF =f ðQÞ with SðQÞtheorySF is con-
siderably more successful. Differences are less
than 5% throughout most of the scattering
map (26).

Cuts through the pinch point at (0, 0, 2)
at 1.7 K (Fig. 3, A and B) show that it has the
form of a low sharp saddle in the intensity. In
order to better resolve the line shape of the pinch
point, we performed an analogous polarized
neutron experiment on a higher-resolution spec-
trometer. To compare with theory, we used an
approximation to an analytic expression (13, 27).

In the vicinity of the (0, 0, 2) pinch point, this
becomes

Syyðqh, qk,qlÞº
q2l−2 þ x−2ice

q2l−2 þ q2h þ q2k þ x−2ice
ð1Þ

Here, xice is a correlation length for the ice rules
that removes the singularity at the pinch point
(27). The high-resolution data of Fig. 3C can be
described by this form, with a correlation length
xice ≈ 182 T 65 Å, representing a correlation vol-
ume of about 14,000 spin tetrahedra. The corre-
lation length has a temperature variation that is
consistent with an essential singularity ~exp(B/T),
with B = 1.7 T 0.1 K (Fig. 4C).

The scattering in the NSF channel is con-
centrated around Brillouin zone boundaries, as

Fig. 2. Diffuse scattering maps from spin ice, Ho2Ti2O7. Experiment [(A) to (C)] versus theory [(D) to
(F)]. (A) Experimental SF scattering at T = 1.7 K with pinch points at (0, 0, 2), (1, 1, 1), (2, 2, 2), and so
on. (B) The NSF scattering. (C) The sum, as would be observed in an unpolarized experiment (20, 22).
(D) The SF scattering obtained from Monte Carlo simulations of the near-neighbor model, scaled to
match the experimental data. (E) The calculated NSF scattering. (F) The total scattering of the near-
neighbor spin ice model.
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Fig. 3. Line shape of the pinch point. (A) Radial
scan on D7 through the pinch point at (0, 0, 2)
[s′ is the neutron scattering cross section; see (26)
for its precise definition]. (B) The corresponding
transverse scan. The lines are Lorentzian fits. (C)
Higher-resolution data, in which the line is a
resolution-corrected fit to the pinch point form Eq.
1 (the resolution width of the spectrometer is indi-
cated as the central Gaussian). (D) SF scattering at
increasing temperatures (the lines are Lorentzians
on a background proportional to the Ho3+ form
factor).
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incident neutron polarization, the SF and NSF
cross sections yield information on Syy(Q) and
Szz(Q), respectively. We used a single crystal of
Ho2Ti2O7 to map diffuse scattering in the h, h, l
plane. Previous unpolarized experiments (20, 22)
have measured the sum of the SF and NSF
scattering, but in this orientation only the SF
scattering would be expected to contain pinch
points (26).

Our results (Fig. 2A) show that at temperature
(T) = 1.7 K there are pinch points in the SF cross
section at the Brillouin zone centres (0, 0, 2),
(1, 1, 1), and (2, 2, 2) (Fig. 2A) but not in the
NSF channel (Fig. 2B). The total scattering (SF +
NSF) reveals the pinch points only very weakly
(Fig. 2C) because the NSF component dominates
near the zone center. This is explicitly illustrated
with cuts across the zone center showing that the
strong peak at the pinch point in the SF channel is
only weakly visible in the total (Fig. 3B). The
total scattering (Figs. 2C and 3B) can be com-
pared with the previous observations and calcu-
lations (20, 22), in which no pinch points were
detected. The use of polarized neutrons extracts
the pinch-point scattering from the total scattering,
and the previous difficulty in resolving the pinch
point is clearly explained.

The projective equivalence of the dipolar and
near-neighbor spin ice models (10) suggests that
above a temperature scale set by the r−5 cor-
rections, the scattering from Ho2Ti2O7 should

become equivalent to that of the near-neighbor
model. T = 1.7 K should be sufficient to test
this prediction because it is close to the temper-
ature of the peak in the electronic heat capacity
that arises from the spin ice correlations [1.9 K
(20)]. In our simulations of the near-neighbor
spin ice model (Fig. 2, D to F), the experimen-
tal SF scattering (Fig. 2A) appears to be very
well described by the near-neighbor model,
whereas the NSF scattering is not reproduced by
the theory. However, we have discovered that
S(Q)experiment/S(Q)theory is approximately the same
function f (Q) for both channels. Thus, because
the theoretical NSF scattering function is approx-
imately constant, we find f ðQÞ ≈ SðQÞexperiment

NSF .
This function may be described as reaching a
maximum at the zone boundary and a finite
minimum in the zone center. Using the above
estimate of f (Q), the comparison of the quan-
tity SðQÞexperiment

SF =f ðQÞ with SðQÞtheorySF is con-
siderably more successful. Differences are less
than 5% throughout most of the scattering
map (26).

Cuts through the pinch point at (0, 0, 2)
at 1.7 K (Fig. 3, A and B) show that it has the
form of a low sharp saddle in the intensity. In
order to better resolve the line shape of the pinch
point, we performed an analogous polarized
neutron experiment on a higher-resolution spec-
trometer. To compare with theory, we used an
approximation to an analytic expression (13, 27).

In the vicinity of the (0, 0, 2) pinch point, this
becomes

Syyðqh, qk,qlÞº
q2l−2 þ x−2ice

q2l−2 þ q2h þ q2k þ x−2ice
ð1Þ

Here, xice is a correlation length for the ice rules
that removes the singularity at the pinch point
(27). The high-resolution data of Fig. 3C can be
described by this form, with a correlation length
xice ≈ 182 T 65 Å, representing a correlation vol-
ume of about 14,000 spin tetrahedra. The corre-
lation length has a temperature variation that is
consistent with an essential singularity ~exp(B/T),
with B = 1.7 T 0.1 K (Fig. 4C).

The scattering in the NSF channel is con-
centrated around Brillouin zone boundaries, as

Fig. 2. Diffuse scattering maps from spin ice, Ho2Ti2O7. Experiment [(A) to (C)] versus theory [(D) to
(F)]. (A) Experimental SF scattering at T = 1.7 K with pinch points at (0, 0, 2), (1, 1, 1), (2, 2, 2), and so
on. (B) The NSF scattering. (C) The sum, as would be observed in an unpolarized experiment (20, 22).
(D) The SF scattering obtained from Monte Carlo simulations of the near-neighbor model, scaled to
match the experimental data. (E) The calculated NSF scattering. (F) The total scattering of the near-
neighbor spin ice model.
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Fig. 3. Line shape of the pinch point. (A) Radial
scan on D7 through the pinch point at (0, 0, 2)
[s′ is the neutron scattering cross section; see (26)
for its precise definition]. (B) The corresponding
transverse scan. The lines are Lorentzian fits. (C)
Higher-resolution data, in which the line is a
resolution-corrected fit to the pinch point form Eq.
1 (the resolution width of the spectrometer is indi-
cated as the central Gaussian). (D) SF scattering at
increasing temperatures (the lines are Lorentzians
on a background proportional to the Ho3+ form
factor).
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中性子散乱からみるモノポールの存在

incident neutron polarization, the SF and NSF
cross sections yield information on Syy(Q) and
Szz(Q), respectively. We used a single crystal of
Ho2Ti2O7 to map diffuse scattering in the h, h, l
plane. Previous unpolarized experiments (20, 22)
have measured the sum of the SF and NSF
scattering, but in this orientation only the SF
scattering would be expected to contain pinch
points (26).

Our results (Fig. 2A) show that at temperature
(T) = 1.7 K there are pinch points in the SF cross
section at the Brillouin zone centres (0, 0, 2),
(1, 1, 1), and (2, 2, 2) (Fig. 2A) but not in the
NSF channel (Fig. 2B). The total scattering (SF +
NSF) reveals the pinch points only very weakly
(Fig. 2C) because the NSF component dominates
near the zone center. This is explicitly illustrated
with cuts across the zone center showing that the
strong peak at the pinch point in the SF channel is
only weakly visible in the total (Fig. 3B). The
total scattering (Figs. 2C and 3B) can be com-
pared with the previous observations and calcu-
lations (20, 22), in which no pinch points were
detected. The use of polarized neutrons extracts
the pinch-point scattering from the total scattering,
and the previous difficulty in resolving the pinch
point is clearly explained.

The projective equivalence of the dipolar and
near-neighbor spin ice models (10) suggests that
above a temperature scale set by the r−5 cor-
rections, the scattering from Ho2Ti2O7 should

become equivalent to that of the near-neighbor
model. T = 1.7 K should be sufficient to test
this prediction because it is close to the temper-
ature of the peak in the electronic heat capacity
that arises from the spin ice correlations [1.9 K
(20)]. In our simulations of the near-neighbor
spin ice model (Fig. 2, D to F), the experimen-
tal SF scattering (Fig. 2A) appears to be very
well described by the near-neighbor model,
whereas the NSF scattering is not reproduced by
the theory. However, we have discovered that
S(Q)experiment/S(Q)theory is approximately the same
function f (Q) for both channels. Thus, because
the theoretical NSF scattering function is approx-
imately constant, we find f ðQÞ ≈ SðQÞexperiment

NSF .
This function may be described as reaching a
maximum at the zone boundary and a finite
minimum in the zone center. Using the above
estimate of f (Q), the comparison of the quan-
tity SðQÞexperiment

SF =f ðQÞ with SðQÞtheorySF is con-
siderably more successful. Differences are less
than 5% throughout most of the scattering
map (26).

Cuts through the pinch point at (0, 0, 2)
at 1.7 K (Fig. 3, A and B) show that it has the
form of a low sharp saddle in the intensity. In
order to better resolve the line shape of the pinch
point, we performed an analogous polarized
neutron experiment on a higher-resolution spec-
trometer. To compare with theory, we used an
approximation to an analytic expression (13, 27).

In the vicinity of the (0, 0, 2) pinch point, this
becomes

Syyðqh, qk,qlÞº
q2l−2 þ x−2ice

q2l−2 þ q2h þ q2k þ x−2ice
ð1Þ

Here, xice is a correlation length for the ice rules
that removes the singularity at the pinch point
(27). The high-resolution data of Fig. 3C can be
described by this form, with a correlation length
xice ≈ 182 T 65 Å, representing a correlation vol-
ume of about 14,000 spin tetrahedra. The corre-
lation length has a temperature variation that is
consistent with an essential singularity ~exp(B/T),
with B = 1.7 T 0.1 K (Fig. 4C).

The scattering in the NSF channel is con-
centrated around Brillouin zone boundaries, as

Fig. 2. Diffuse scattering maps from spin ice, Ho2Ti2O7. Experiment [(A) to (C)] versus theory [(D) to
(F)]. (A) Experimental SF scattering at T = 1.7 K with pinch points at (0, 0, 2), (1, 1, 1), (2, 2, 2), and so
on. (B) The NSF scattering. (C) The sum, as would be observed in an unpolarized experiment (20, 22).
(D) The SF scattering obtained from Monte Carlo simulations of the near-neighbor model, scaled to
match the experimental data. (E) The calculated NSF scattering. (F) The total scattering of the near-
neighbor spin ice model.
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Fig. 3. Line shape of the pinch point. (A) Radial
scan on D7 through the pinch point at (0, 0, 2)
[s′ is the neutron scattering cross section; see (26)
for its precise definition]. (B) The corresponding
transverse scan. The lines are Lorentzian fits. (C)
Higher-resolution data, in which the line is a
resolution-corrected fit to the pinch point form Eq.
1 (the resolution width of the spectrometer is indi-
cated as the central Gaussian). (D) SF scattering at
increasing temperatures (the lines are Lorentzians
on a background proportional to the Ho3+ form
factor).
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incident neutron polarization, the SF and NSF
cross sections yield information on Syy(Q) and
Szz(Q), respectively. We used a single crystal of
Ho2Ti2O7 to map diffuse scattering in the h, h, l
plane. Previous unpolarized experiments (20, 22)
have measured the sum of the SF and NSF
scattering, but in this orientation only the SF
scattering would be expected to contain pinch
points (26).

Our results (Fig. 2A) show that at temperature
(T) = 1.7 K there are pinch points in the SF cross
section at the Brillouin zone centres (0, 0, 2),
(1, 1, 1), and (2, 2, 2) (Fig. 2A) but not in the
NSF channel (Fig. 2B). The total scattering (SF +
NSF) reveals the pinch points only very weakly
(Fig. 2C) because the NSF component dominates
near the zone center. This is explicitly illustrated
with cuts across the zone center showing that the
strong peak at the pinch point in the SF channel is
only weakly visible in the total (Fig. 3B). The
total scattering (Figs. 2C and 3B) can be com-
pared with the previous observations and calcu-
lations (20, 22), in which no pinch points were
detected. The use of polarized neutrons extracts
the pinch-point scattering from the total scattering,
and the previous difficulty in resolving the pinch
point is clearly explained.

The projective equivalence of the dipolar and
near-neighbor spin ice models (10) suggests that
above a temperature scale set by the r−5 cor-
rections, the scattering from Ho2Ti2O7 should

become equivalent to that of the near-neighbor
model. T = 1.7 K should be sufficient to test
this prediction because it is close to the temper-
ature of the peak in the electronic heat capacity
that arises from the spin ice correlations [1.9 K
(20)]. In our simulations of the near-neighbor
spin ice model (Fig. 2, D to F), the experimen-
tal SF scattering (Fig. 2A) appears to be very
well described by the near-neighbor model,
whereas the NSF scattering is not reproduced by
the theory. However, we have discovered that
S(Q)experiment/S(Q)theory is approximately the same
function f (Q) for both channels. Thus, because
the theoretical NSF scattering function is approx-
imately constant, we find f ðQÞ ≈ SðQÞexperiment

NSF .
This function may be described as reaching a
maximum at the zone boundary and a finite
minimum in the zone center. Using the above
estimate of f (Q), the comparison of the quan-
tity SðQÞexperiment

SF =f ðQÞ with SðQÞtheorySF is con-
siderably more successful. Differences are less
than 5% throughout most of the scattering
map (26).

Cuts through the pinch point at (0, 0, 2)
at 1.7 K (Fig. 3, A and B) show that it has the
form of a low sharp saddle in the intensity. In
order to better resolve the line shape of the pinch
point, we performed an analogous polarized
neutron experiment on a higher-resolution spec-
trometer. To compare with theory, we used an
approximation to an analytic expression (13, 27).

In the vicinity of the (0, 0, 2) pinch point, this
becomes

Syyðqh, qk,qlÞº
q2l−2 þ x−2ice

q2l−2 þ q2h þ q2k þ x−2ice
ð1Þ

Here, xice is a correlation length for the ice rules
that removes the singularity at the pinch point
(27). The high-resolution data of Fig. 3C can be
described by this form, with a correlation length
xice ≈ 182 T 65 Å, representing a correlation vol-
ume of about 14,000 spin tetrahedra. The corre-
lation length has a temperature variation that is
consistent with an essential singularity ~exp(B/T),
with B = 1.7 T 0.1 K (Fig. 4C).

The scattering in the NSF channel is con-
centrated around Brillouin zone boundaries, as

Fig. 2. Diffuse scattering maps from spin ice, Ho2Ti2O7. Experiment [(A) to (C)] versus theory [(D) to
(F)]. (A) Experimental SF scattering at T = 1.7 K with pinch points at (0, 0, 2), (1, 1, 1), (2, 2, 2), and so
on. (B) The NSF scattering. (C) The sum, as would be observed in an unpolarized experiment (20, 22).
(D) The SF scattering obtained from Monte Carlo simulations of the near-neighbor model, scaled to
match the experimental data. (E) The calculated NSF scattering. (F) The total scattering of the near-
neighbor spin ice model.
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Fig. 3. Line shape of the pinch point. (A) Radial
scan on D7 through the pinch point at (0, 0, 2)
[s′ is the neutron scattering cross section; see (26)
for its precise definition]. (B) The corresponding
transverse scan. The lines are Lorentzian fits. (C)
Higher-resolution data, in which the line is a
resolution-corrected fit to the pinch point form Eq.
1 (the resolution width of the spectrometer is indi-
cated as the central Gaussian). (D) SF scattering at
increasing temperatures (the lines are Lorentzians
on a background proportional to the Ho3+ form
factor).
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中性子散乱からみるモノポールの存在

incident neutron polarization, the SF and NSF
cross sections yield information on Syy(Q) and
Szz(Q), respectively. We used a single crystal of
Ho2Ti2O7 to map diffuse scattering in the h, h, l
plane. Previous unpolarized experiments (20, 22)
have measured the sum of the SF and NSF
scattering, but in this orientation only the SF
scattering would be expected to contain pinch
points (26).

Our results (Fig. 2A) show that at temperature
(T) = 1.7 K there are pinch points in the SF cross
section at the Brillouin zone centres (0, 0, 2),
(1, 1, 1), and (2, 2, 2) (Fig. 2A) but not in the
NSF channel (Fig. 2B). The total scattering (SF +
NSF) reveals the pinch points only very weakly
(Fig. 2C) because the NSF component dominates
near the zone center. This is explicitly illustrated
with cuts across the zone center showing that the
strong peak at the pinch point in the SF channel is
only weakly visible in the total (Fig. 3B). The
total scattering (Figs. 2C and 3B) can be com-
pared with the previous observations and calcu-
lations (20, 22), in which no pinch points were
detected. The use of polarized neutrons extracts
the pinch-point scattering from the total scattering,
and the previous difficulty in resolving the pinch
point is clearly explained.

The projective equivalence of the dipolar and
near-neighbor spin ice models (10) suggests that
above a temperature scale set by the r−5 cor-
rections, the scattering from Ho2Ti2O7 should

become equivalent to that of the near-neighbor
model. T = 1.7 K should be sufficient to test
this prediction because it is close to the temper-
ature of the peak in the electronic heat capacity
that arises from the spin ice correlations [1.9 K
(20)]. In our simulations of the near-neighbor
spin ice model (Fig. 2, D to F), the experimen-
tal SF scattering (Fig. 2A) appears to be very
well described by the near-neighbor model,
whereas the NSF scattering is not reproduced by
the theory. However, we have discovered that
S(Q)experiment/S(Q)theory is approximately the same
function f (Q) for both channels. Thus, because
the theoretical NSF scattering function is approx-
imately constant, we find f ðQÞ ≈ SðQÞexperiment

NSF .
This function may be described as reaching a
maximum at the zone boundary and a finite
minimum in the zone center. Using the above
estimate of f (Q), the comparison of the quan-
tity SðQÞexperiment

SF =f ðQÞ with SðQÞtheorySF is con-
siderably more successful. Differences are less
than 5% throughout most of the scattering
map (26).

Cuts through the pinch point at (0, 0, 2)
at 1.7 K (Fig. 3, A and B) show that it has the
form of a low sharp saddle in the intensity. In
order to better resolve the line shape of the pinch
point, we performed an analogous polarized
neutron experiment on a higher-resolution spec-
trometer. To compare with theory, we used an
approximation to an analytic expression (13, 27).

In the vicinity of the (0, 0, 2) pinch point, this
becomes

Syyðqh, qk,qlÞº
q2l−2 þ x−2ice

q2l−2 þ q2h þ q2k þ x−2ice
ð1Þ

Here, xice is a correlation length for the ice rules
that removes the singularity at the pinch point
(27). The high-resolution data of Fig. 3C can be
described by this form, with a correlation length
xice ≈ 182 T 65 Å, representing a correlation vol-
ume of about 14,000 spin tetrahedra. The corre-
lation length has a temperature variation that is
consistent with an essential singularity ~exp(B/T),
with B = 1.7 T 0.1 K (Fig. 4C).

The scattering in the NSF channel is con-
centrated around Brillouin zone boundaries, as

Fig. 2. Diffuse scattering maps from spin ice, Ho2Ti2O7. Experiment [(A) to (C)] versus theory [(D) to
(F)]. (A) Experimental SF scattering at T = 1.7 K with pinch points at (0, 0, 2), (1, 1, 1), (2, 2, 2), and so
on. (B) The NSF scattering. (C) The sum, as would be observed in an unpolarized experiment (20, 22).
(D) The SF scattering obtained from Monte Carlo simulations of the near-neighbor model, scaled to
match the experimental data. (E) The calculated NSF scattering. (F) The total scattering of the near-
neighbor spin ice model.
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Fig. 3. Line shape of the pinch point. (A) Radial
scan on D7 through the pinch point at (0, 0, 2)
[s′ is the neutron scattering cross section; see (26)
for its precise definition]. (B) The corresponding
transverse scan. The lines are Lorentzian fits. (C)
Higher-resolution data, in which the line is a
resolution-corrected fit to the pinch point form Eq.
1 (the resolution width of the spectrometer is indi-
cated as the central Gaussian). (D) SF scattering at
increasing temperatures (the lines are Lorentzians
on a background proportional to the Ho3+ form
factor).
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(0,0,2)付近のIntensity の温度変化

previously observed in unpolarized cross sections
for both Ho2Ti2O7 (22) and Dy2Ti2O7 (21, 23).
The NSF scattering shows a pronounced sym-
metric minimum at each Brillouin zone center,
which is roughly as sharp as the maximum in the
SF scattering (Fig. 3C). The sharp but finite min-
imum indicates an effect that tends to suppress
long-range spin correlations but fails to do so
completely: The pinch point and associated di-
polar correlations remain. The distinct structure
of the NSF scattering (which persists to temper-
atures as high as 10 K) suggests a simple and
generic correction to the near-neighbor model
emerging from the dipolar interaction. The low-
temperature evolution of the zone boundary
scattering suggests that it is linked to corrections
that become more important at low temperatures
(22).

The general effect of increasing temperature
on the SF scattering pattern (Fig. 4A) shows that
empty areas of Syy (for example, near 1.5, 1.5, 0)
are increasingly filled in as the temperature rises,
with a thermal contribution that is independent
of wave vector (apart from the Ho3+ form fac-
tor), indicating uncorrelated point defects. We
identify these as monopoles that remain strong-
ly bound as dipole pairs (Fig. 1B). This be-
havior is also illustrated in Fig. 3D, in which,
with increasing temperature, there is a marked
decrease in peak intensity and an increase in
the background on which the peak stands. As
shown in Fig. 4D, this contribution can be
generally fitted by the form

IðTÞº expð−2J=TÞ þ expð−8J=TÞ
1þ expð−2J=TÞ þ expð−8J=TÞ ð2Þ

where I(T) is the intensity and J ≡ Jeff = 1.8 K,
which is the effective, near-neighbor exchange

that is appropriate for Ho2Ti2O7 (3). The two
terms in the numerator are the cost of creating
“singly charged” (monopole) or “doubly charged”
thermal defects in the ice rules, respectively.

Two monopoles created by a spin flip can
diffuse apart, leaving a path of successive head-
to-tail spins, which is known as a Dirac string
(Fig. 1C) by analogy with Dirac’s theory of mag-
netic monopoles. In spin ice, the strings carry
local magnetization. If strings exist with lengths
up to ~xice, then this should be manifested as an
approximately Lorentzian scattering with width
x−1ice. Hence, we can attribute the broadening of
the pinch point to the existence of unbound de-
fects connected by Dirac strings with lengths
up to xice (11, 25). At high temperatures, the
proliferation of bound defects will both disrupt
existing strings and reduce the mean free path
for diffusing monopoles, reducing the maximum
length in the Dirac string network. As the tem-
perature is reduced, the thermal defect popula-
tion decreases, and xice diverges as approximately
exp(B/T) (Fig. 4C), with the observed value of
B close to the effective exchange Jeff = 1.8 K
(3). Such a temperature variation of xice is the
same as that of the correlation length of the one-
dimensional Ising ferromagnet, which is indeed
the maximum length of a ferromagnetic string in
that system.

Investigation of the spin ice Ho2Ti2O7 by
use of polarized neutron scattering has es-
tablished the validity of projective equivalence
(24) and quantified the corrections to it. We
have established that Ho2Ti2O7 exhibits an al-
most ideal magnetic Coulomb phase, the quasi-
particle vacuum for magnetic monopoles (11, 25).
We have shown that bound monopole pairs dom-
inate at finite temperature, but that unbound
pairs become relatively more important at low
temperatures. The length of the longest Dirac

strings has been estimated to rise to macro-
scopic scales as the temperature passes below
1 K.
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scattering. (A) The SF scattering at 5 K. (B) The
spin flip scattering at 10 K. (C) The temperature
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スピン相関距離 スピン相関距離はおおよそモノポール同士の
距離と見なすことができる

モノポール間の距離が
温度におおきく依存することがわかる
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