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Abstract
Over the past two decades, unconventional superconductors with symmetries other
than conventional s-wave symmetry have been extensively found in strongly correlated
electron systems, including heavy-Fermions, oxide conductors, and organic conductors.
The study of unconventional superconductivity has become a central issue in the field of
condensed matter physics. Unconventional superconductivity is mostly characterized by
the anisotropic character in the superconducting gap function with zeros (nodes) along
certain directions in the momentum space. For instance, in high-Tc cuprates, it has
been experimentally and theoretically demonstrated that the superconducting symmetry
appears to be of the d-wave type, having line nodes along the tetragonal c-axis with
fourfold symmetry within the basal ab-plane. Since the superconducting gap structure
is intimately related to the pairing interaction, the identification of the superconducting
gap structure plays a crucial role in understanding the pairing mechanism inherent in
unconventional superconductors.
In strongly correlated electron systems, strong Coulomb repulsion between electrons
due to the strong electron correlation may prevent the formation of Cooper pairing with
s-wave symmetry. It may give rise to a pairing state with higher angular momentum than
that in the conventional s-wave state with zero angular momentum, since the pairing
probability of an electron in s-wave symmetry is highest at the same position as the other
electron, where the Coulomb repulsion is the strongest. Therefore, it has been widely
believed that the superconducting gap structure of unconventional superconductors in
strongly correlated systems is anisotropic.
More interestingly, the superconducting phase in most unconventional superconductors
emerges in the vicinity of a magnetic quantum critical point, where the magnetic ordering
temperature is driven to zero by an external parameter such as the magnetic field, pressure, or chemical substitution. Therefore, it is widely believed that unconventional superconductivity is mediated by low-energy magnetic fluctuation, which is strongly enhanced
around a quantum critical point. On the other hand, U-based heavy-Fermion materials
form an unique subsystem among unconventional superconductors; most U-based heavyFermion materials exhibit superconductivity after the development of another (mostly
magnetic) ordering phases, which coexists microscopically with superconductivity. Superconductivity with coexisting phase is an old but very fascinating issue in strongly
correlated systems. However, the superconducting gap structures in most unconventional
superconductors have not been identified because of these low superconducting transition
temperatures. Therefore, the relationship between unconventional superconductivity and
magnetism is still unclear.

Recently, it has been demonstrated that thermal transport measurements under a magnetic field are a powerful probe for investigating the properties of low-energy quasiparticle
excitations, which are intimately related to the nodal structure. In contrast to the electrical transport coefficient (and the thermoelectrical transport coefficient), the thermal
transport coefficient does not vanish even in the superconducting state because the heat
transport is governed by depaired quasiparticles as opposed to Copper pairs that cannot
carry heat (entropy). Therefore, thermal transport measurements can sensitively probe
low-energy quasiparticle excitation in the superconducting state. Moreover, it has been
shown that the measurements performed with magnetic fields rotated with respect to the
crystal axes are useful for determining the superconducting gap structure, including the
location of nodes in the momentum space in addition to the topology of nodes.
In order to resolve these issues, we construct a system that can measure the thermal
transport coefficients at very low temperatures down to 30 mK under rotated magnetic
fields with respect to the crystal axes with high precision. This allows us to determine the
superconducting gap structure of most unconventional superconductors, whose transition
temperature is of the order of a few Kelvin. To the best of our knowledge, related systems
for thermal transport measurements do not exist anywhere in the world.
We perform thermal transport measurements at temperatures down to tens or hundred
times lower than these superconducting transition temperatures. We focus on four materials, namely, U-based heavy-Fermion URu2 Si2 , β-pyrochlore osmium oxide KOs2 O6 ,
and Ce-based heavy-Fermions CeIrIn5 and CeCoIn5 , which exhibit several exotic properties among the superconductors discovered until now; for example, in URu2 Si2 , unconventional superconductivity coexists with “hidden order” whose order parameter is still
unclear more than two decades after its discovery. Moreover, the superconductivity competes with antiferromagnetism, while the coexistence of unconventional superconductivity
and antiferromagnetic ordering has often been observed in materials located in the vicinity of the antiferromagnetic quantum critical point. CeIrIn5 contains two distinct domes
with different heavy-Fermion superconducting states in its phase diagram. One dome
is located in the vicinity of the antiferromagnetic quantum critical point; however, the
other dome, involving pure CeIrIn5 , is distant from the antiferromagnetic quantum critical
point, invoking two distinct superconducting domes with different symmetries. KOs2 O6
is a recently discovered superconductor with geometrically frustrated pyrochlore lattice;
it is the third superconductor found to have geometrical frustration in its crystal structure. Moreover, the “rattling” phenomena, which is expected to be a source of the giant
thermoelectric effect, has been extensively discussed in this material. Since superconductors with these features are quite rare, it is unclear how the geometrical frustration and
rattling phenomena affect the superconductivity of KOs2 O6 . CeCoIn5 exhibits a strong
resemblance to high-Tc cuprates. In particular, the electrical transport properties in the
normal state exhibit strong deviation from that expected in conventional Fermi liquid
theory, called as the non-Fermi liquid behavior, as observed in high-Tc cuprates. It has

been proposed that the non-Fermi liquid behavior is a universal feature in strongly correlated quasi-two dimensional electron systems in the presence of strong antiferromagnetic
fluctuations. In addition to the transport properties in the normal state, high-Tc cuprates
exhibit peculiar quasiparticle transport properties even in the superconducting state, and
similar features have been reported in CeCoIn5 .
We investigate the superconducting gap structure of URu2 Si2 , CeIrIn5 , and KOs2 O6
by the measurements of the thermal transport under magnetic fields at low temperature.
In particular, in URu2 Si2 and CeIrIn5 , we perform thermal transport measurements with
magnetic fields rotated with respect to the crystal axes. We find that the superconductivity of these materials are highly unusual among superconductors; the uniqueness
of the superconductivity in KOs2 O6 is best highlighted by the fully gapped superconducting gap structure despite of the presence of strong electron correlations. We reveal
the superconducting gap structure of URu2 Si2 , having two distinct gaps with different
nodal topologies, which is unprecedented among unconventional superconductors. The
gap structure of CeIrIn5 is found to be identical to that of superconducting domes in the
vicinity of the quantum critical point.
Moreover, in all materials except for CeIrIn5 , we find a strong increase in the thermal
conductivity when entering the superconducting phase, which indicates the enhancement
in the quasiparticle mean free path in the superconducting state. This feature has been
observed only in very clean high-Tc cuprates before this study. In particular, in CeCoIn5 ,
we measure the thermal Hall effect, which can directly probe the quasiparticle transport,
for the first time in the heavy-Fermion superconductors. These results strongly indicate
that the enhancement in the quasiparticle mean free path within the superconducting state
is a common property of superconductors in strongly correlated systems with moderately
high-Tc and extraordinary cleanness.

Contents
1

Introduction

1

1.1

Unconventional superconductivity . . . . . . . . . . . . . . . . . . . . . . .

1

1.2

Anisotropic gap structure in unconventional superconductors . . . . . . . .

2

1.3

Quasiparticle excitations in unconventional superconductors . . . . . . . .

5

1.3.1

Thermal excitations and impurity effect

5

1.3.2

Field induced quasiparticle excitation: Doppler shift

1.4

1.5

. . . . . . . . . . . . . . .
. . . . . . . .

9

Thermal transport in unconventional superconductors . . . . . . . . . . . . 11
1.4.1

Temperature dependence

. . . . . . . . . . . . . . . . . . . . . . . 11

1.4.2

Field dependence . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

Determination of the nodal structure by bulk: thermal conductivity under
rotated magnetic fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2

Purpose of this study

21

3

Experimental

23

4

3.1

Thermal transport measurements at very low temperatures . . . . . . . . . 23

3.2

Experimental setups and procedure for thermal transport measurements

. 25

Exotic superconducting properties embedded in the hidden order state
of URu2 Si2

31

4.1

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.2

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.2.1

Hidden order . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.2.2

Relationship between superconductivity, hidden order, and antiferromagnetism

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4.2.3

Electronic structure in the hidden order phase . . . . . . . . . . . . 36

4.2.4

Unconventional superconductivity . . . . . . . . . . . . . . . . . . . 38

4.3

Purpose of this study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

4.4

Experimental . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
4.4.1

Ultra-clean single crystals of URu2 Si2 . . . . . . . . . . . . . . . . . 41

i

4.4.2

4.5

4.7
5

4.4.2.1

Thermal conductivity under static magnetic fields . . . . . 43

4.4.2.2

Thermal conductivity under rotated magnetic fields . . . . 43

Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
4.5.1

4.6

Thermal conductivity measurements . . . . . . . . . . . . . . . . . 43

Charge transport measurements

. . . . . . . . . . . . . . . . . . . 44

4.5.1.1

Electronic structure in the hidden order phase . . . . . . . 44

4.5.1.2

Magnetoresistance . . . . . . . . . . . . . . . . . . . . . . 46

4.5.1.3

Hall effect . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.5.1.4

Band structure . . . . . . . . . . . . . . . . . . . . . . . . 48

4.5.2

Thermal conductivity in the vortex state . . . . . . . . . . . . . . . 50

4.5.3

Multiband superconductivity in URu2 Si2 . . . . . . . . . . . . . . . 58

4.5.4

Thermal conductivity in rotated magnetic fields . . . . . . . . . . . 62
4.5.4.1

Light hole band . . . . . . . . . . . . . . . . . . . . . . . . 62

4.5.4.2

Heavy electron band . . . . . . . . . . . . . . . . . . . . . 67

Discussion

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.6.1

Superconducting gap function of URu2 Si2

. . . . . . . . . . . . . . 72

4.6.2

Pairing interaction . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

Pairing symmetry of CeIrIn5 remote from antiferromagnetic quantum
critical point

77

5.1

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

5.2

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
5.2.1

Superconductivity near a quantum critical point . . . . . . . . . . . 78

5.2.2

Quasi-two dimensional heavy-Fermion CeM In5 (M = Co, Rh, Ir) . 79

5.2.3

Two distinct heavy-Fermion superconducting domes in CeIrIn5 . . . 82

5.2.4

Superconducting gap symmetry of CeIrIn5 . . . . . . . . . . . . . . 86

5.2.5

Purpose of this study . . . . . . . . . . . . . . . . . . . . . . . . . . 89

5.3

Experimental . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.4

Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
5.4.1

Temperature dependence of thermal conductivity . . . . . . . . . . 91

5.4.2

Thermal conductivity in rotated magnetic fields . . . . . . . . . . . 93

5.4.3

Superconducting gap structure of CeIrIn5
ii

. . . . . . . . . . . . . . 99

5.4.4
5.5
6

Possible pairing mechanism in CeIrIn5 . . . . . . . . . . . . . . . . 101

Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

Thermal transport in β-pyrochlore KOs2 O6 with strong electron correlations and “rattling” phenomena
6.1

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

6.2

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
6.2.1

β-pyrochlore AOs2 O6 (A = K, Rb, Cs) . . . . . . . . . . . . . . . . 104

6.2.2

Rattling motion of alkali atoms . . . . . . . . . . . . . . . . . . . . 106

6.2.3

First order transition below Tc . . . . . . . . . . . . . . . . . . . . . 109

6.2.4

Superconducting properties . . . . . . . . . . . . . . . . . . . . . . 110

6.3

Purpose of this study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

6.4

Experimental . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

6.5

Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

6.6
7

103

6.5.1

Temperature dependence

. . . . . . . . . . . . . . . . . . . . . . . 116

6.5.2

Field dependence at very low temperatures . . . . . . . . . . . . . . 122

6.5.3

Comparison: Superconducting gap structure . . . . . . . . . . . . . 127

6.5.4

Comparison: Quasiparticle transport . . . . . . . . . . . . . . . . . 127

6.5.5

Effects of transition at Tp

. . . . . . . . . . . . . . . . . . . . . . . 129

Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

Anomalous quasiparticle transport in the superconducting state of CeCoIn5
ga;woea;

133

7.1

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

7.2

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

7.3

7.2.1

Quasi-two dimensional heavy-Fermion CeCoIn5 . . . . . . . . . . . 134

7.2.2

Normal state . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

7.2.3

Unconventional superconductivity in CeCoIn5 . . . . . . . . . . . . 137

7.2.4

Anomalous quasiparticle transport in the superconducting state . . 140

7.2.5

Thermal Hall conductivity . . . . . . . . . . . . . . . . . . . . . . . 144

Experimental . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
7.3.1

Single crystals of CeCoIn5 . . . . . . . . . . . . . . . . . . . . . . . 147

iii

7.3.2

Longitudinal thermal conductivity and thermal Hall conductivity
measurements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

7.4

Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
7.4.1

Longitudinal thermal conductivity

7.4.2

Thermal Hall conductivity . . . . . . . . . . . . . . . . . . . . . . . 150

7.4.3

Quasiparticle transport in the superconducting state of CeCoIn5 . . 154

7.4.4
7.5
8

. . . . . . . . . . . . . . . . . . 149

7.4.3.1

Density of states . . . . . . . . . . . . . . . . . . . . . . . 155

7.4.3.2

Simon-Lee scaling . . . . . . . . . . . . . . . . . . . . . . 157

7.4.3.3

Quasiparticle mean free path . . . . . . . . . . . . . . . . 158

Possible superclean regime . . . . . . . . . . . . . . . . . . . . . . . 161

Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

Conclusions

164

Published works

178

iv

1 Introduction
1.1

Unconventional superconductivity

Over the past two decades, the study of unconventional superconductivity with a symmetry other than the conventional s-wave symmetry has been become a central issue in
condensed matter physics. Unconventional superconductivity is mostly characterized by
the anisotropic character in the superconducting gap function with zeros (nodes) along a
certain direction in the momentum space [1, 2]. Since the superconducting gap structure
is intimately related to the paring interaction responsible for unconventional superconductivity, its determination is very important to clarify the underlying pairing mechanism.
However, the experimental determination of the nodal structure is an extremely difficult
task. Exceptional examples are high-Tc cuprates, whose superconducting paring symmetry has been clarified to be a predominantly dx2 −y2 symmetry by several measurements
such as phase sensitive experiments [3] and angle-resolved photoemission spectroscopy
(ARPES) [4]. Unfortunately, these techniques are difficult to apply to other unconventional superconductors with low transition temperature Tc . Therefore, the superconducting gap structure of most unconventional superconductors is still unclear.
After the discovery of unconventional superconductivity in heavy-Fermion CeCu2 Si2
in 1979 [5], several unconventional superconductors have been discovered in strongly
correlated electron systems, including oxide conductors, organic conductors, and heavyFermion materials. Well-known unconventional superconductors include the CuO2 layered
high-Tc cuprates that were discovered in 1986 by Bednorz and Müller [6]. Besides high-Tc
cuprates, in oxide superconductors, unconventional superconductivity has been discovered in layered ruthenate Sr2 RuO4 , CuO two-leg ladder compound Sr2 Ca12 Cu24 O41 , and
layered cobaltite Nax CoO2 · yH2 O [7–9]. Among organic materials, quasi-two dimensional
κ-(BEDT-TTF)2 Cu(NCS)2 [10] is a prominent example that has been considered as an
unconventional superconductor. Recently, a number of candidates for unconventional superconductivity have been reported in heavy-Fermion materials containing lanthanide or
actinide atoms such as Ce, Pr, U, and Pu with f -electrons in these atomic shell. Therefore, many researchers have been focusing in heavy-Fermion materials as an intriguing
stage for unconventional superconductivity [11].
The general classification scheme for the superconducting order parameter is based on

1

its behaviour under symmetry transformations. The full symmetry group G of the crystal
contains the gauge group U (1), crystal point group G, spin rotation group SU (2), and
time reversal symmetry group T ,
G = U (1) ⊗ G ⊗ SU (2) ⊗ T .

(1.1)

The superconducting order always breaks the U (1) gauge symmetry below Tc . Superconductors that break only the U (1) symmetry are labeled as conventional superconductors.
Unconventional superconductors are defined as superconductors that break additional
symmetries besides the U (1) symmetry [1].
The superconducting state that breaks the SU (2) symmetry is called an odd parity or
triplet superconducting state; here, the superconducting gap function does not change
sign by the exchange of spin coordinates, in contrast to the conventional s-wave superconducting state with even parity. Triplet superconductivity has been reported in several
materials such as heavy-Fermion UBe13 , UPt3 , UNi2 Al3 , PrOs4 Sb12 , ruthenate Sr2 RuO4 ,
and organic (TMTSF)2 PF6 [12–17]. The prominent candidates for triplet superconductivity are ferromagnetic superconductors, UGe2 , URhGe, UIr, and the recently reported
material UCoGe [18–21]. In Sr2 RuO4 and PrOs4 Sb12 , a spontaneous magnetic field in
the superconducting state has been reported as evidence that the superconducting state
breaks the time reversal symmetry [22, 23]. Very recently, superconductors without inversion symmetry in crystal have attracted considerable attention. Generally, in systems
without inversion symmetry, the gap function is a mixture of spin singlet and triplet
channels in the presence of a finite spin orbit coupling strength, and several unusual
superconducting properties have been proposed. At present, superconductivity without
inversion symmetry has been discovered in CePt3 Si, Ce(Rh,Ir)Si3 UIr, Li2 (Pt,Pd)3 B, and
so on [24].

1.2

Anisotropic gap structure in unconventional superconductors

The superconducting order parameter is proportional to the gap function ∆`s1 ,s2 (k),
which in turn is proportional to the amplitude of the wave function for a Cooper pair
Ψ`s1 ,s2 (k) = hψk,s ψ−k,s i. Here, k is the quasiparticle momentum, si is the electron
1
2
spin, and ψ is the electron annihilation operator. The order parameter becomes unconventional if it transforms according to a non-trivial representation of the full symmetry
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group. Pauli’s exclusion principle requires ∆`s1 ,s2 (k) to be antisymmetric under the particle interchange; ∆`s1 ,s2 (k) = −∆`s1 ,s2 (−k). In the simplest case of weak spin-orbit
interaction, the total angular momentum L and total spin S = s2 + s2 are good quantum
numbers, and ∆`s1 ,s2 (k) can be written as a product of the orbital and spin parts,
∆`s1 ,s2 (k) = g` (k)χs (s1 , s2 ).

(1.2)

The orbital part g` (k) can be expanded in terms of spherical harmonics Y`m (k̂), which
are the eigenfunctions of the angular momentum operator with the momentum ` and its
z-projections m,
g` (k) =

X̀

a`m (k)Y`m (k̂).

(1.3)

m=−`

Here, k̂ = k/kF denotes the direction of the Fermi surface. g` (k) is even for even values
of ` and odd for odd values of `, g` (k) = (−1)` g` (−k), and superconductors with ` =
0, 1, 2, ... are labeled as s, p, d, ... -wave, respectively. This classification is valid for
an isotropic system. In a crystal, the spatial part of the Cooper pair wavefunctions is
classified according to the irreducible representations of the symmetry group of the lattice,
G. However, it is common even in this case to refer to the possible pairing state as having
a particular angular momentum.
The spin part of the order parameter, χx (s1 , s2 ), is a product of the spinors for the two
electrons in the Cooper pair. Therefore, the gap functions is a 2 × 2 matrix in the spin
space,

Ã
∆`S (k) ≡ ∆`s1 ,s2 (k) =

∆`↑↑ (k)
∆`↓↑ (k)

∆`↑↓ (k)
∆`↓↓ (k)

!
.

(1.4)

In the singlet state, S = 0, the spin part of the wavefunction is | ↑↓i − | ↓↑i and therefore
the gap function is simply proportional to the Pauli matrix σy :
∆s (k) = ∆g` (k)iσy ,

(1.5)

where ` is even. The energy of single particle excitation in this case is
Ek =

q
ξ 2 + ∆2 |g(k)|2 ,
k

(1.6)

where ξk denotes the band energy relative to the chemical potential. For superconductors
with an isotropic ∆(k), the excitations have a finite energy gap everywhere at the Fermi
surface, while for anisotropic pairing the gap amplitude depends on the components of
g(k).
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Figure 1.1: Schematic figures of the superconducting gap structure for (a) the fully
gapped state, (b) the axial state, and (c) the polar state. The shaded circles represent
the Fermi surface. The thick line and points represent the line node and point nodes,
respectively. (d) The density of states of the quasiparticles N (E) for the fully gapped
state, axial state, and polar state at the scattering parameter Γ/∆0 = 0, where Γ denotes
the impurity scattering rate. N0 represents the normal state density of states.
For spin triplet pairing (S = 1), the wave function has components corresponding to
the three different spin projections, S z , on the quantization axis (| ↑↑i, | ↑↓i + | ↓↑i,
| ↓↓i). Consequently, it is common to write the order parameter as
Ã
!
−dx (k) + idy (k)
dz (k)
∆t (k) = i(d(k)σ)σy =
,
dz (k)
dx (k) + idy (k)

(1.7)

and the excitation energy is given as
q
Ek = ξ 2 + ∆2 |d(k)|2 ,
k

(1.8)

Generally, the nodal topology of the superconducting gap structure is classified into
two types: line or point nodes. If the order parameter belongs to a one-dimensional
representation of a given crystal symmetry, the nodal topology is restricted to one type of
node. On the other hand, in the two-dimensional case, the combination of line and point
nodes is possible, which is often called the hybrid gap structure.
For example, in the fully gapped s-wave state and p-wave axial and polar states, the
energy of single particle excitations is given by
√

E − ∆0
full gap

 q
Ek =
E − ∆0 (kx2 + ky2 ) axial state ,

p

E − ∆0 kz2
polar state
4

(1.9)

where ∆0 is a constant. Therefore, in the s-wave state, a constant and finite energy gap
opens over the entire Fermi surface. In the p-wave axial state, the superconducting gap
closes at the point kx = ky = 0, i.e., the point nodes are located at the poles of the Fermi
surface. In the polar state, the gap closes in the basal kx ky plane at kz = 0, i.e., a line
node is located at the equator of Fermi surface. Here, we consider a simple spherical
Fermi surface. The corresponding gap structure in the momentum space are illustrated
in Figs. 1.1(a)-(c).
The density of states of the quasiparticles is defined as N (E) =

P
k

δ(E − Ek ), and it

is calculated for the fully gapped s-wave state, axial state, and polar state using eq. (1.9)
as



0¯

¯ full gap


¯ E + ∆0 ¯

1
E
N (E)
¯ axial state
log ¯¯
¯
=
,
(1.10)
2
∆
E
−
∆
0
0

N0

π
E



polar state
2 ∆0
for E < ∆ in the clean limit. The entire energy dependence of the density of state is
shown in Fig. 1.1(d). At low energies with E ¿ ∆0 , N (E)/N0 is proportional to E 2 and
E for the axial and polar states, respectively.

1.3
1.3.1

Quasiparticle excitations in unconventional superconductors
Thermal excitations and impurity effect

The anisotropic gap structure in unconventional superconductors has mainly been studied by probing the thermally excited quasiparticles. The temperature dependence of several thermodynamic quantities and transport coefficients such as electronic specific heat
C(T ), nuclear magnetic resonance (NMR) spin-lattice relaxation rate T1−1 (T ), London
penetration depth λ(T ), and thermal conductivity κ(T ) couple to the thermally excited
quasiparticles and reflect the changes in the quasiparticle occupation numbers in accordance with the nodal topology of the superconducting gap. So far, these techniques have
been extensively used for discussing the nodal topology of unconventional superconductors.
In s-wave superconductors, a constant gap ∆0 opens in the quasiparticle excitation
spectrum and it is constant over the entire Fermi surface irrespective of momentum k and
there is no quasiparticle state at kB T < ∆0 . As a result, the thermodynamic quantities
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and transport coefficients exhibit an activation-type exponential temperature dependence
at low temperature, exp (−∆0 /kB T ).
On the other hand, in unconventional superconductors with nodes in the superconducting gap, the low-energy density of states remains finite due to contributions from the
quasiparticle states in the vicinity of nodal regions on the Fermi surface. As discussed in
the previous section, the energy dependence of the density of states depends on the nodal
topology as N (E)/N0 = (E/∆0 )n at E ¿ ∆0 , where n = 1 for line nodes and n = 2
for point nodes. This difference is reflected in the temperature dependence of various
thermodynamic quantities and transport coefficients, exhibiting power law temperature
dependence at T ¿ Tc .
For instance, we show the temperature dependence of specific heat C(T ) at T ¿ Tc ,
where the temperature dependence of the order parameter can be neglected. C(T ) is
given by

2
C(T ) =
T

Z

µ

∞

dE N (E)E
0

2

df (E)
−
dE

¶
,

(1.11)

where f (E) = 1/(eβE + 1) is the Fermi distribution function around chemical potential
and β =

1
.
kB T

Substituting (1.10) into (1.11), we obtain C(T ) for the fully gapped s-wave

state, axial state, and polar state as


 exp (−∆0 /kB T ) full gap
C(T ) ∝
T2
polar state .


3
T
axial state

(1.12)

Therefore, C(T ) depends on T and T 2 for the line nodes and point nodes, respectively.
However, the above discussion is restricted to extremely pure systems without impurities. In unconventional superconductors, non-magnetic impurities act as pair breakers,
similar to magnetic impurities in conventional s-wave superconductors. For nodal superconductors in the strong scattering limit (or unitary limit with scattering phase shift
δ = π/2), quasiparticle states are bound to a non-magnetic impurity with an energy close
to the Fermi energy within the energy gap. This is a consequence of the interference
of particle-like and hole-like excitations that undergo Andreev scattering from the sign
change of the order parameter and potential scattering due to the impurities. A finite
number of impurities broadens the bound state to the impurity band with bandwidth γ.
Consequently, a finite density of state appears at zero energy. For superconductors with
line nodes, γ and the density of quasiparticle bound states at zero energy N (0) become
finite for any finite impurity concentration. The energy dependence of the quasiparticle
density of states is modified, as shown in Fig 1.2. Due to the appearance of N (0), the
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N(E)
N0

1

0

1

0

2

E/∆0
Figure 1.2: N (E)/N0 for an unconventional superconductor with line nodes in the superconducting gap. The dashed line represents the density of states in the absence of
impurities. The solid line represents the density of states in the presence of dilute nonmagnetic impurities (Γ/∆0 = 0.01) in the strong scattering limit (unitary limit). A finite
density of states at zero energy N (0) appears and increases with the impurity concentration.
density of states near ∆0 is reduced. In a two-dimensional d-wave superconductor, N (0)
at the unitary limit is given as
2γ
N (0)
=
ln
N0
π∆0

µ

∆0
γ

¶
,

(1.13)

and it is approximately given as N (0)/N0 ∼ γ/∆0 at γ ¿ ∆0 ; N (0) increases with the
impurity concentration. As a consequence, the impurity scattering modifies the temperature dependence of the physical quantities at kB T < γ because the impurity-induced
N (0) dominates the thermodynamic and transport properties in this temperature range.
Table 1.1: Temperature dependence of several physical quantities in superconductors
with line nodes in the superconducting gap in a pure system and in a system with impurities.
Quantity
Specific heat
NMR relaxation rate
London penetration depth

C
1/T1
∆λ
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Temperature dependence
Pure system With impurities
T2
T
3
T
T
T
T2

Figure 1.3: (a) A Scanning SQUID microscope image of a thin film YBa2 Cu3 O7−y
tricrystal ring. The central bright circle corresponds to Φ0 /2 spontaneously generated
in the junction [3]. (b) Superconducting gap measured in Bi2 Sr2 CaCu2 O8+δ by ARPES
plotted as a function angle along the normal state Fermi surface [4].

Therefore, the nodal behaviour may be hidden by the impurity effects. For instance, the
power law of C(T ) changes from T 2 to T at low temperatures. In Table 1.1, we summarize
the power laws of C, 1/T1 , and ∆λ for superconductors with line nodes in the superconducting gap, in pure system and in the presence of impurities. Therefore, the observation
of the power law temperature dependence is not conclusive evidence for the existence of
the nodes and their topology. It should be emphasized that we cannot determine the
location of the nodes from the power law even in pure systems.
After the discovery of high-Tc cuprates, several measurements have been developed to
determine the superconducting gap structure of unconventional superconductors, besides
the method mentioned above. Among them, phase sensitive experiments and ARPES
provide the most prominent evidence for the superconducting gap symmetry in high-Tc
cuprates [3, 4]. The former includes corner junctions, tricrystals, and tests for Andreev
bound states. These techniques detect the sign change of the superconducting gap function through the interference of the gap function. However, these techniques are significantly influenced by the flatness of the surface or boundary, necessitating the fabrication
of an epitaxial thin film. ARPES can detect quasiparticle excitation in the momentum
space through the photoelectric effect. Therefore, the mapping of the gap amplitude in the
momentum space is possible. However, the energy resolution of this technique is almost
' 1 meV (corresponds to ' 10 K); this is insufficient to determine the anisotropic gap
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structure of most unconventional superconductors because the energy resolution becomes
comparable to the size of the energy gap in most low-Tc materials with Tc below a few
Kelvin. Moreover, ARPES has never been performed at temperatures lower than 1 K.
In summary, the determination of the gap structure by phase sensitive experiments and
ARPES has been successful only in high-Tc cuprates. Therefore, it is important to acquire
complementary evidence for particular gap symmetries via bulk measurements.

1.3.2

Field induced quasiparticle excitation: Doppler shift

Recently, it has been demonstrated that the magnetic field H can be useful as a tool
for examining the difference in the superconducting properties between nodal and s-wave
superconductors in the superconducting mixed state [25].
When a magnetic field is applied in type-II superconductors, it enters the superconductor as a vortex with a unit of quantum flux Φ0 =

h
.
2e

At low fields with H ¿ Hc2

where the vortices are far apart, these vorticies create a potential well for low-energy
quasiparticles, leading to the formation of a bound state similar to a quantum mechanical picture of a particle in a cylindrical potential well of radius ξ. The bound state has
a minimum discrete energy level spacing ~ω0 ∼ ∆20 /EF , where ∆0 is the magnitude of
superconducting gap and EF is the Fermi energy. The energy broadening is given by ~/τ .
Since ~ω0 is usually 1-10 mK, and hence ~ω0 ∼ ~/τ or ~ω0 ¿ kB T , the spectra of these
bound states can be considered as a continuum, similar to the normal state. In an s-wave
superconductor with a fully gapped structure, the density of states in a single vortex at
the Fermi energy can be estimated to be ' N0 ξ 2 , since almost all quasiparticle states are
localized in the vortex cores. Therefore, total density of states of the localized state is
given as ' N0 ξ 2 · nv ∝ H, where nv = H/Hc2 denotes the number of vortices.
In a nodal superconductor, as first pointed out by Volovik, the density of states is
dominated by contributions from the extended quasiparticle states outside the vortex
cores (delocalized quasiparticles) rather than the bound states located inside the vortex
cores (localized quasiparticles) [26]. In contrast to s-wave superconductors, quasiparticles
are easily delocalized from the vortices due to the presence of nodes, and they extend over
the entire crystal. The main effect on such delocalized quasiparticles with momentum p
is the Doppler shift of the quasiparticle energy from a supercurrent flow vs circulating
around the vortices, which is given as
E(p) → E(p) + vs · p.

9

(1.14)

N(E)
N0

vs p
N(0)
∆0

0

E

Figure 1.4: Schematic figure of the quasiparticle spectrum in a nodal superconductor
with line nodes. Here, the energy is measured from the Fermi energy. The solid and dashed
lines represent the quasiparticle spectrum in the presence and absence of a magnetic field,
respectively. The finite residual density of states N (0) appears at zero energy.

In order to estimate the characteristic energy scale of the Doppler shift, we assume a single
vortex case. In this case, we can approximate the velocity field as vs = ~φ̂/2mr, where r
is the distance from the center of the vortex and φ̂ is a unit vector along the circulating
current. This expression is valid outside the vortex core and up to a cut-off of order
p
min{R, λ}, where R = a Φ0 /πH is the intervortex distance, Φ0 is the flux quantum, a
is a geometric constant of order unity, and λ is the London penetration depth. Doppler
shifted energy averaged over the vortex lattice, EH , can be estimated by integrating over
a vortex lattice unit cell and it is given by
Z
EH = h|vs · p|i =

|r |<R

d2 r
1
4
|vs · p| ' vF Φ0 '
~vF
2
πR
R
aπ

which is proportional to R−1 , and then EH ∝

√

r

H
,
Φ0

(1.15)

H. Figure 1.4 illustrates the quasiparticle

spectrum in a nodal superconductor with line nodes in the superconducting gap function.
In a superconductor with line nodes, where the density of states N (E) has a linear energy
dependence at low energy with E ¿ ∆0 , the finite residual density of states for delocalized
quasiparticles N (0) is induced by the Doppler shift, and it is roughly estimated to be
√
√
N (0) ∝ EH ∝ H. Therefore, H-dependence is expected for the thermodynamic and
transport properties such as specific heat and thermal conductivity.
In an s-wave superconductor with a fully gapped structure, the Doppler shift does not
affect the physical properties since EH is always smaller than the gap amplitude ∆0 .
However, if there is a modulation in the gap amplitude even in an s-wave superconductor
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(anisotropic s-wave), the Doppler shift becomes important when the local energy gap
∆(k) at a certain direction of momentum k becomes smaller than the Doppler shift
√
term, |∆(k)| < EH . In fact, the H-dependence of specific heat has been observed in
boroncarbide (Y,Lu)Ni2 B2 C and CeRu2 with s-wave symmetry [27, 28].
Although the above discussion is restricted to T → 0, the Doppler shifted density of
states can be generalized to finite temperatures. For a nodal superconductor with line
nodes, two regimes emerge. Here, we consider the specific heat. At high temperature,
when the thermal energy overcomes the Doppler shifted energy, kB T > EH , the specific
heat exhibit T 2 -dependence, reflecting the linear energy dependence of the density of states
at the nodes. Contrastingly, in the opposite limit, kB T < EH , the system is governed by
√
the Doppler effect and hence the H-dependence of specific heat can be observed. In a
d-wave superconductor, the behavior of the specific heat in these two distinct limits can
be connected through a scaling function FC (x) of a single parameter x as
C
= FC (x),
T
where

T
x=
Tc

Ár

H
.
Hc2

(1.16)

(1.17)

The crossover temperature at which the behavior of specific heat changes from T 2 - to
√
H-dependence is given by x ∼ 1 [29].

1.4
1.4.1

Thermal transport in unconventional superconductors
Temperature dependence

As T → 0 K, the thermal conductivity κ in the superconducting state can be described
as κ/T ∼ N (0)vF2 τ , where N (0) is the zero energy residual density of states, vF is the Fermi
velocity, and τ is the quasipartcle lifetime. This relation may be approximately valid even
at finite temperatures. According to Ref. [30, 31], if the scattering of electrons by phonons
dominates over that by impurities, the change in τ is very little as the temperature
is driven across Tc . Therefore, the thermal conductivity decreases as the temperature is
lowered below Tc due to the reduction of N (0). On the other hand, a contrasting behavior
has been found in high-Tc cuprates; the thermal conductivity is strongly enhanced below
Tc and it exhibits a peak in the superconducting state, indicating an enhancement of τ
in the superconducting state, since N (0) must decrease [32].
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We next discuss the thermal conductivity at the lowest temperatures as T → 0 K. As
mentioned in Sec. 1.3.1, finite N (0) appears in the nodal superconductor with line nodes
in the presence of dilute non-magnetic impurities. N (0) increases with the impurity concentration and it is proportional to the impurity band width γ, N (0) ∝ γ. In contrast, τ
is reduced by introducing impurities, and it is inversely proportional to γ, τ ∝ 1/γ. Then,
compensation of the enhancement of N (0) and the reduction in τ gives a finite residual
term in the thermal conductivity κ/T (T → 0) ≡ κ00 /T . Therefore, the value of κ00 /T
is independent of the impurity concentration in nodal superconductors with line nodes.
Although this can hold only at very low impurity concentrations with γ ¿ ∆0 , κ00 /T is
often called as the “universal” thermal conductivity. κ00 /T in the strong scattering limit
(unitary limit) is given by
κ00
~α
π2
κn ~Γ α
= N0 kB2 vF2
=
,
T
3
2µ∆0
T ∆0 µ

(1.18)

where N0 is the normal state density of states, Γ is the normal state scattering rate,
α is a constant that depends on the nodal topology, and µ = 1/∆0 |d∆(φ)/dφ|nodes is
the slope of the energy gap at the Fermi energy [33]. According to Ref. [33], (α, µ) =
( π4 , 2), (1, 2), (1, 2) for dx2 −y2 symmetry in two dimensions, polar state, and hybrid gap
with kˆz (kˆx + ikˆy ) state, respectively. Vertical line nodes run along c-axis for the dx2 −y2
state, and horizontal line nodes are located in the basal ab-plane for the polar state. In the
hybrid gap state, horizontal line node and point nodes at poles on the Fermi surface, κ00 /T
does not depend on the magnitude of γ for interplane thermal conductivity; however, this
universality does not hold for intraplane thermal conductivity. Since the difference of
κ00 /T between the distinct gap structures is not so pronounced, it is difficult to determine
the gap structure from the amplitude of κ00 /T .
As well as the thermal conductivity, the electrical conductivity also exhibits universal
value, σ(T → 0) ≡ σ00 . κ00 /T and σ00 are related by the Wiedemann-Franz law, κ00 /T =
L0 σ00 (L0 = 2.44 × 10−8 WΩ/K2 ), which is valid for kB T ¿ γ ¿ ∆0 . However, σ00
must involve several corrections such as the vertex correction or Fermi liquid correction
even at very low temperatures. Unlike the electrical conductivity, thermal conductivity is
not renormalized by the vertex or by the Fermi liquid corrections due to its particle-hole
symmetry, making κ00 /T the only true universal quantity. Therefore, the observation of
κ00 /T provides strong evidence for the presence of line nodes in the superconducting gap.
At finite temperatures, the temperature dependence of the thermal conductivity κ(T )
is given as a finite temperature correction for κ00 /T by expanding in terms of (T 2 /γ 2 )
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Figure 1.5: The low temperature thermal conductivity of YBa2 Cu3 O6.9 along a-axis in
crystals with different concentration of non-magnetic impurity Zn, plotted as thermal conductivity divided by temperature, κ/T , as a function of temperature. κ/T well coincides
below 0.1 K irrespective of the Zn concentration [34].
since κ(T )/T = (κ00 /T )[1 + O(T 2 /γ 2 )]. For d-wave symmetry, κ(T )/T is given as
(
µ
¶2 )
κ(T )
κ00
7π 2 akB T
=
1+
,
(1.19)
T
T
15
γ
where a = 1/2 for the unitary limit. Therefore, in the superconductors with line nodes,
T 3 -dependence of thermal conductivity is expected, which is the same temperature dependence as that of phonons. In order to confirm κ00 /T and the slope of temperature
dependence as evidence for the presence of line nodes, measurements using samples with
different impurity concentrations are desired. The observation of κ00 /T has been reported in several materials such as high-Tc YBa2 Cu3 O7−y ∗ (Fig. 1.5) and Tl2 Ba2 CuO6+δ ,
ruthenate Sr2 RuO4 ∗ , and heavy-Fermion Ce(Co,Ir)In5 and CePt3 Si (materials marked
by asterisks have been measured using samples with different impurity concentrations)
[34–37].

1.4.2

Field dependence

In a nodal superconductor, the Doppler shifted density of states governs the heat transport as for thermodynamic quantities at low temperatures and low fields with T /Tc ¿
H/Hc2 . Figure 1.6 illustrates the field dependence of the specific heat and thermal conductivity for s- and d-wave superconductors. We first discuss the field dependence of the
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Figure 1.6: Field dependence of the specific heat C (left) and the thermal conductivity κ
(right) for s- and d-wave superconductors. Cn and κn represent the normal state specific
heat and thermal conductivity, respectively. In s-wave superconductors, C exhibits Hlinear dependence, but κ exhibits an exponential behavior with very slow growth with the
magnetic field. In contrast, in d-wave superconductors, both C and κ grow rapidly with
√
H at low fields.

specific heat. In the superconducting state, the specific heat measures all quasiparticle
states. Therefore, in s-wave superconductors, the localized quasiparticle states bound in
the vortex cores can contribute to the specific heat, which exhibits H-linear dependence.
In nodal superconductors, the specific heat contains contributions from both localized
√
and delocalized quasiparticles, and shows H-dependence because of the dominance of
the contribution from the delocalized quasiparticle state, as discussed in Sec. 1.3.2.
On the other hand, the localized quasiparticles cannot contribute to the heat transport, in contrast to the specific heat. Therefore, the thermal conductivity can probe the
response purely originating from the delocalized quasiparticles, which directly reflects the
Doppler shifted density of states. As a result, in s-wave superconductors, the thermal
conductivity is almost zero and it exhibits an exponential behavior at low fields. At high
fields near Hc2 , the tunneling of quasiparticles between vortices becomes possible due to
the overlapping of vortices and hence the thermal conductivity exhibits steep increase
√
toward the normal state value. The H-dependence is also expected for the thermal conductivity in a nodal superconductor as for the specific heat. Thus, the difference between
the field dependence for s-wave superconductors and nodal superconductors on the thermal conductivity is considerably distinct from that on the specific heat, indicating that
the thermal conductivity is significantly sensitive to the Doppler shifted density of states
rather than the specific heat. This advantage of thermal conductivity may be significantly
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Figure 1.7: Low-temperature electronic thermal conductivity normalized by the normal
state value, (κe /T )/(κn /T ), as a function of the normalized magnetic field H/Hc2 [27].
important for measurements on strongly correlated material, because the localized state
within the vortex core has so far not been fully understood, as the antiferromagnetically
ordered vortex core is discussed in high-Tc cuprates. Figure 1.7 shows the measured field
dependence of thermal conductivity for s-wave Nb, and anisotropic UPt3 and LuNi2 B2 C
[27]. In contrast to Nb, a steep initial increase in thermal conductivity has been observed
in UPt3 and LuNi2 B2 C.
As discussed in Sec. 1.3.2, when the contributions of the Doppler shift dominate the
low-energy quasiparticle excitation, a scaling function as a function of a single parameter
√
T / H is also expected for the transport properties in nodal superconductors with line
nodes, as well as for the specific heat. The scaling laws for the electrical and thermal
conductivity tensor, σij and κij (i, j = x, y), are derived by Simon and Lee, and they are
given as
√
√
Re [σij ] = Fijσ (αT / H, ω/ H),
√
κij = T Fijκ (αT H),

(1.20)
(1.21)

where Fijσ and Fijκ are scaling functions for σij with frequency ω and κij , respectively, and
p
α = ∆/pF , where pF is the Fermi momentum [38].
However, the above scaling laws are only relevant for clean limit. As discussed in
Sec. 1.3.1, in the presence of non-magnetic impurities, the temperature dependence at
T ¿ Tc is modified from the pure limit case. Moreover, if the impurity bandwidth
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Figure 1.8: Scaling plot of κ(T, H)/κ(T, 0) as a function of (T /Tc )(Hc2 /H)1/2 in the
unitary limit for jQ k H. The symbols represent a constant field scan with different H.
The inset shows κ(T, H)/κ(T, 0) for jQ k H [39].

exceeds the Doppler shift energy, EH < γ, the contributions of the Doppler shift may be
hidden. Thus, the scaling laws are violated when the system is in the dirty limit when
EH < γ ¿ ∆0 and kB T < γ ¿ ∆0 . On the other hand, the scaling law can hold with the
intermediate impurity concentration for 0 < γ < kB T and EH ¿ ∆0 , but it is modified
from that in the pure limit. According to Kübert and Hirschfeld, the scaling function
for the longitudinal thermal conductivity, κ ≡ κxx , is no longer a function of a single
√
parameter with T / H when 0 < γ < kB T and EH ¿ ∆0 , and it is given as
µ
¶
2 2
T
π2
7πkB
4∆0
κ(T, H)
2
+
=
ln
,
(1.22)
κ(T, 0)
5∆0 ~Γ
3.5kB T + EH
4
where EH = a(H/Hc2 )1/2 ∆0 denotes the averaged Doppler shift energy with constant a of
√
order unity and Γ is an impurity scattering rate that related to γ through γ = 0.61 ~Γ∆0 .
Here, the magnetic field H is applied parallel to the heat current jQ [39]. The complete
set of scaling plot at constant fields is shown in Fig. 1.8. Such a scaling relation has been
reported in UPt3 and CePt3 Si [37, 40].
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1.5

Determination of the nodal structure by bulk:
thermal conductivity under rotated magnetic fields

As described in the previous section, the field dependence of the specific heat or thermal
conductivity sensitively responds to the presence of nodes in the superconducting gap
function and this becomes a powerful probe to determine the nodal topology. However,
the exact angular dependence of the superconducting gap, especially the location of nodes,
cannot be determined from the field dependence. Recently, it has been theoretically and
experimentally demonstrated that the measurements of the specific heat and thermal
conductivity under magnetic fields H rotated relative to the crystal axes can be used
to determine not only the topology but also the location of nodes [25]. This method is
based on again the Doppler shifted density of states. In nodal superconductors at low
fields, quasiparticle states with momentum p are confined at the position of nodes. As
immediately observed in eq. (1.15), the Doppler shifted energy sensitively varies on the
angle between p and vs that flows in the plane orthogonal to H (vs ⊥ H). Therefore,
when rotating H with respect to the crystal axes, the quasiparticle density of states is
enhanced when the Doppler shifted energy exceeds the local energy gap (∆(k) < |vs · p|),
and then, it exhibits characteristic oscillations as a function of the angle between the
certain crystal axis and H. The oscillations of the density of states can be detected via
the specific heat and thermal conductivity.
For instance, let us consider a dx2 −y2 symmetry having four line nodes in the superconducting gap function, as shown in Figs. 1.9(a) and (b) in two dimensions. When H is
aligned with the nodal direction [Fig. 1.9(a)], quasiparticles near the node with momenta
p parallel to H do not experience the Doppler shift, since |vs · p| = 0. The enhancement
of the quasiparticle density of states due to the Doppler shift occurs at the nodes that
locate at the orthogonal directions to H. On the other hand, when H is aligned with the
antinodal direction [Fig. 1.9(b)], the enhancement of the quasiparticle density of states
occurs at all nodes. The total enhancement becomes greater than that when H was applied to the nodal direction. As a result, a fourfold oscillation in the angular variation of
the density of states appears, as illustrated in Fig. 1.9(c). The minima of the oscillation
at φ = π4 (2n + 1) (n = 0, 1, 2, · · · ) correspond to the location of nodes.
In general, the periodicity, phase, and shape of oscillations in the angular dependence
of the density of states directly reflect the nodal structure. If we rotate H within the
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Figure 1.9: Schematic figure of the superconducting gap structure with dx2 −y2 symmetry
for applying H parallel to (a) nodal and (b) antinodal directions. The shaded area
represents the region where the the Doppler shift energy of quasiparticles overcomes the
local energy gap. (c) Fourfold oscillation of the density of states for H rotating within
the basal ab-plane. ions, the Doppler shift vanishes at two of the nodes.

ac-plane, we can separate the line nodes running perpendicular to the basal ab-plane
(vertical line nodes) and those running perpendicular to the c-axis (horizontal line nodes).
Moreover, by rotating H conically with respect to a certain axis, we can separate the type
of nodes, i.e., point or line. Therefore, we can reduce the possible allowed gap functions
in the k-space by bulk measurements.
The anisotropy of the thermal conductivity is also given by the combination of the angular variations of the density of states and that of the quasiparticle lifetime, as discussed
in Sec. 1.4.1. In self-consistent treatments, the scattering of quasiparticles off impurities
depends on the density of states; the quasiparticle scattering is enhanced with increase
in the density of states. Therefore, at finite temperatures, the quasiparticle lifetime may
exhibit oscillations with rotating magnetic field, but the sign of the oscillations is opposite
to that of the density of states. However, as long as the thermal conductivity is enhanced
by the magnetic fields at very low temperatures with T → 0 K and at low fields with
H ¿ Hc2 , the direction of the nodes can be determined from the Doppler shifted density
of states.
An important advantage of the thermal conductivity is that it is indeed a directional
probe; therefore, it may be sensitive to the relative orientation among the thermal current
flow, magnetic field, and nodal directions of the order parameter.
From the experimental point of view, the thermal conductivity can be measured down
to very low temperatures as compared to the specific heat measurements. Moreover, it
can be measured with high precision even for small piece of sample, in contrast the specific
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Figure 1.10: Left panel: Angular variation of the thermal conductivity in s-wave Nb
[41]. Right panel: Experimental configuration for the measurements shown in the left
panel. The heat current q was applied along the hexagonal a-axis. The magnetic field H
was rotated within the basal ab-plane.

heat measurements that necessitate large samples. In addition, it appears to be difficult
to extract the quasiparticle contribution of the specific heat because it contains a number
of contributions apart from those of electrons and phonons, such as nuclear or Schottkey
contributions. Thermal conductivity can leave from these contributions, because of their
localized character.
For thermal conductivity, twofold oscillation appears as a function of the angle between
H and q when H is not perpendicular to q (H 6⊥ q). This twofold oscillation is not
directly related to the nodal structure as it has been observed in s-wave superconductor
Nb, as shown in Fig. 1.10. According to Ref. [42], the origin of the twofold symmetry is
the difference between the effective density of states for quasiparticles traveling parallel to
the vortices and quasiparticles moving perpendicular to the vortices. Moreover, the sign
of this twofold symmetry depends on the temperature due to the changes induced in the
scattering process by the vortices. The thermal conductivity exhibits maxima for H k q
at high temperature, but minima at low temperatures [42, 43]. If we measure the angular
variation of the thermal conductivity in the same configuration as that shown in the right
panel of Fig. 1.10, the nodal contribution appears on the background twofold symmetry.
Although such an angular variation was first observed in high-Tc cuprate YBa2 Cu3 O7−y ,
the nodal contribution could be extracted from the total angular variation [41].
In Figure 1.11, we summarized the nodal structure of several unconventional superconductors determined by the present technique, that is, the thermal conductivity or specific
heat measurements with magnetic fields rotated with respect to the crystal axes. Figure 1.11 shows heavy-Fermion CeCoIn5 , PrOs4 Sb12 , UPd2 Al3 , organic κ-(BEDT-TTF)2 Cu(NCS)2 ,
ruthenate Sr2 RuO4 , and boroncarbide YNi2 B2 C [25, 44–53]. The materials shown in the
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upper part of Fig. 1.11 have quasi-two dimensional electronic structure, and those in the
lower part have a three dimensional structure. The present technique can successfully
determine locations of the nodes as well as the nodal topology. Point nodes (or a point
node-like gap minima) has been discovered in YNi2 B2 C and PrOs4 Sb12 .

or

CeCoIn5*

κ-(BEDT-TTF)2CuNCS2

Sr2RuO4*

YNi2B2C*

PrOs4Sb12*

UPd2Al3

Figure 1.11: The gap functions determined by the measurements of thermal conductivity
or heat capacity with a rotating magnetic field. The materials marked by asterisks have
been determined by both thermal conductivity and heat capacity measurements, and the
others only by thermal conductivity measurements [25, 44–53].
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2 Purpose of this study
As explained in the previous chapter, the thermal transport measurements under magnetic fields are a direct probe that can be used to examine the quasiparticle transport
in the superconducting state; further, they are a powerful probe to determine the nodal
structure, including the location and the topology of nodes, in the superconducting gap
of unconventional superconductors. However, the experiments under rotated magnetic
fields have been performed using 3 He cryostat down to ∼ 0.3 K, which is insufficient for
most unconventional superconductors with low Tc (Tc . 1 K).
In order to resolve this issue, we construct a system for thermal transport measurements under rotated magnetic fields at very low temperature using a 3 He-4 He dilution
refrigerator down to 30 mK. The details of the thermal transport measurement system
will be described in the following chapter.
We apply these techniques to U-based heavy-Fermion URu2 Si2 , Ce-based heavy-Fermions
CeIrIn5 and CeCoIn5 , and β-pyrochlore osmium oxide KOs2 O6 , using the system developed in this study. For URu2 Si2 , we employ thermal transport measurements with rotating magnetic fields, introduced in Section 1.5, to determine its nodal topology, which
has been suggested as an unconventional; however, the nodal topology has remained unclear more than two decades after the discovery of superconductivity in URu2 Si2 . In
Chapter 4, we will show the brief introduction, experimental details, and experimental results for URu2 Si2 , and discuss the superconducting gap structure inferred from the
present experimental results. We also performed the thermal transport measurements under rotated magnetic fields in CeIrIn5 , where two distinct heavy-Fermion superconducting
domes with a different superconducting gap symmetry have been invoked. In Chapter 5,
we will present the experimental results, and discuss the nodal structure of CeIrIn5 . We
will also discuss the pairing symmetry inferred from the suggested nodal structure. We
measure the low-temperature thermal conductivity under magnetic fields applied along
a certain direction with respect to the crystal axes to investigate the nodal topology of
KOs2 O6 , which is a recently discovered superconductor with geometrical frustration in
its crystal structure. The details for KOs2 O6 , including the results and discussions, will
be presented in Chapter 6. We perform the measurements of the thermal Hall effect
on CeCoIn5 to clarify the anomalous transport dynamics in the superconducting state
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suggested in this material, the enhancement of the quasiparticle mean free path in the
superconducting state similar to that of high-Tc cuprates. However, it has been unclear
whether the observed phenomenon is identical to that observed in high-Tc cuprates. The
thermal Hall conductivity is a direct probe to examine the quasiparticle dynamics in the
superconducting state, but it has so far not been applied to materials other than high-Tc
cuprates. In Chapter 7, we will describe the details for the thermal Hall effect and discuss
the possible origins of the anomalous transport phenomena in CeCoIn5 .
We will summarize and conclude the present study in Chapter 8.
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3 Experimental
3.1

Thermal transport measurements at very low temperatures

The thermal transport measurements were performed using a 3 He-4 He dilution refrigerator and 3 He cryostat. We used the dilution refrigerator for the measurements of URu2 Si2
and CeIrIn5 , 3 He cryostat for the measurements of CeCoIn5 , and both for the measurements of KOs2 O6 . Using the dilution refrigerator, we were able to measure the thermal
and electrical transport coefficients down to 30 mK.
The thermal conductivity was measured by a standard four-wire steady-state method
with a one-heater and two-thermometer technique. The details of the experimental setups
and the procedure for the thermal transport measurements will be described in the next
section.
Gold wires were attached to the samples by a spot-welding technique to make contacts.
The wires were subsequently fixed by silver paste (Ferro Inc., L-200). Before attaching the
contacts, we milled the sample surfaces to a depth of a few hundred nanometers by an Ar
gas milling technique. The milled flesh surface is subsequently coated by sputtered gold
to make a contact pad and to avoid oxidation. In this procedure, we used a magnetron
electrode

Ar+

electrode

S

e-

N

S

S
e-

sample
S

N

Al foil

Ar+
Au

Coated gold

electrode
electrode
Etching

Gold coating

Figure 3.1: Schematic figure of etching and gold coating process. Atmosphere in the
chamber of the magnetoron sputter is pure Ar. Samples are etched by Ar ion plasma
accelerated between the electrode. Due to the mask made by Al foil, samples are etched
in the four-wire configurations. Gold is sputtered by Ar ion, and subsequently coats the
samples.

23

sputter with an etching option (Hitachi High-Tech. Corp., E-1030), and the samples were
masked by aluminum foils with a shape for the four-wire configurations. Eventually, we
obtained a contact resistance less than 10 mΩ, which is crucial for the thermal conductivity
measurements at very low temperatures. The thermal resistivity of the present materials is
expected to be relatively low since the crystal quality of the present materials is very high.
Therefore, low contact resistance is required because a large contact (thermal) resistance
may mask the sample response. At the side of the heat sink, more than four gold wires
were attached to make better thermal anchors to the heat sink, which are extremely
effective for the measurements of URu2 Si2 , because the radioactivity of U atoms becomes
a source of heating.
In order to apply the magnetic field H, we used two distinct systems with different
superconducting magnets. For the measurements above 4 T, we used a system with 1416 T solenoidal superconducting magnets. For the measurements with rotating H, it is
extremely important to align H within the crystal planes with high accuracy. In order
to accomplish this, we used a system with a vector magnet that comprises two distinct
superconducting magnets; a solenoidal superconducting magnet and a split pair superconducting magnet. The two superconducting magnets generate magnetic fields along
solenoidal magnet

c

split pair magnet
HL

H
θ
HT

a

φ

H
b

Figure 3.2: Left panel: Schematic figure of the measurement system with a vector
magnet and mechanical rotating stage on top of a dewar. The mechanical rotating stage
rotates the cryostat around the longitudinal axis. The cryostat for dilution refrigerator
has a mechanical rotator in the sample space that can rotate around the transverse axis.
Right panel: Definition of azimuthal angle φ and polar angle θ. We can rotate H along
various directions, as illustrated in the figure.
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mutually orthogonal directions; the solenoidal magnet generates a longitudinal magnetic
field HL and the split pair magnet generates a transverse magnetic field HT with respect
to the ground. Therefore, H is given as a vector sum of HL and HT , H = HL + HT . At
the top of the dewar with a vector magnet, a mechanical rotating stage was installed to
rotate a cryostat with respect to the longitudinal axis. By controlling the two superconducting magnets and the rotating stage using a computer, we were able to rotate H with
a misalignment of less than 0.02◦ from the crystal axes, which can be confirmed by the simultaneous measurements of the resistivity. In Figure 3.2, we illustrate the measurement
system for the field-rotation experiments. This system allows us to measure the thermal
conductivity with rotating H = |H|(sin θ cos φ, sin θ sin φ, cos θ) within the basal ab-plane
(at fixed θ = 90◦ as a function of φ) and at fixed φ as a function of θ. Moreover, we can
rotate H conically as a function of φ while keeping θ constant, as shown in Fig. 3.2. This
enables us to distinguish the nodal topology, i.e., point or line.

3.2

Experimental setups and procedure for thermal
transport measurements

The measurements were performed using the measurement cell shown in the left panel of
Fig. 3.3. The samples were thermally anchored to a Cu heat sink, two RuO2 thermometers,
and a resistive heater through the attached gold wires. The RuO2 thermometers were
carefully calibrated in magnetic fields up to 14 T and at low temperatures down to 25 mK.
The calibration was performed using another RuO2 thermometer calibrated in a zero
magnetic field and a Coulomb blockade thermometer in a finite magnetic field, which is
insensitive to the magnetic field. The error in this calibration is less than 0.5 %.
The two RuO2 thermometers and resistive heater are thermally isolated to the heat sink,
using Manganin wires with low thermal conductivity as their electrical leads, and they
are glued using a GE varnish on Kapton tubes fixed to a frame made of fiber reinforced
plastics (FRP). In order to make a better thermal anchor to the samples, the thermometers
and heater are wrapped by silver foil with a high thermal conductivity. A silver wire is
attached to each thermometer and the heater as a cold finger. Moreover, metallic wires
are electrically connected to the silver wire and heat sink; these can be used to measure
the electrical resistivity of the sample. Hence, both the thermal and electrical transport
coefficients can be measured alternatively during the same cooling run.
As mentioned before, the thermal conductivity was measured by the steady state
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Figure 3.3: Left panel: Picture of thermal transport cell. Right panel: Thermal transport cell with URu2 Si2 sample.
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Figure 3.4: Schematic figure of thermal transport cell with sample.
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method. Generally, in the steady state, thermal conductivity κ is defined as
q = −κ̄∇T,

(3.1)

where κ̄ is the thermal conductivity tensor, q is the thermal current density (or thermal
energy flux density per time), and ∇T is the thermal gradient. In the concrete experimental configuration schematically shown in Fig. 3.4, eq. (3.1) is reduced to a one-dimensional
form as
q = −κ∆T,

(3.2)

where ∆T ≡ dT /dx is the thermal gradient along the length of the sample. When we
apply an electrical current I to the resistive heater with resistance R and voltage signal V ,
a heat current is injected along the sample toward heat sink. Subsequently, a temperature
gradient ∆T = [Th (I) − Tl (I)] − [Th (I = 0) − Tl (I = 0)] appears, where Th and Tl denote
the temperatures at the contacts on the side of the resistive heater and the heat sink,
respectively. As a result, through eq. (3.2), κ is given as
κ=

l IV
,
wt ∆T

(3.3)

where l, w, and t is the distance between the contacts, width, and thickness of the sample,
respectively. The experimental configurations with a sample are displayed in the right
panel of Fig. 3.3 and illustrated schematically in Fig. 3.4.
Figure. 3.5 shows the experimental setup for the thermal transport measurement system. The components of the measurement system are controlled by a personal computer
through GPIB interfaces. The measurements were performed automatically using programs programmed by LabView (National Instruments Inc.).
Figures 3.6 and 3.7 show a schematic figure and a picture of the thermal transport
measurement system, respectively. It is evident that the thermal transport measurements
are very sensitive to the mechanical vibration, because thermometers, the most important components for our measurements, are suspended on flexible Kapton tubes of the
measurement cell. Usually, vacuum pumps in the gas handling system of the dilution
refrigerator are a major cause of mechanical vibrations. In order to minimize mechanical
vibrations, the recovery line of the dilution refrigerator is connected to the cryostat and
the gas handling system through an anti-vibration block and flexible bellows tubes with
a rotation mechanism.
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Figure 3.5: Diagram of the thermal transport measurement system.
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Figure 3.6: Schematic figure of the thermal transport measurement system with a dilution refrigerator and vector magnet.
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Figure 3.7: Picture of the setup of the thermal transport measurement system with a
dilution refrigerator and vector magnet.
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4 Exotic superconducting properties
embedded in the hidden order state
of URu2Si2
4.1

Abstract

The superconducting gap structure of URu2 Si2 , in which unconventional superconductivity coexists with an enigmatic “hidden order” phase, is investigated by the thermal
transport measurements under magnetic fields rotated along various directions relative
to the crystal axes using ultra-clean single crystals. The charge transport measurements
reveal the peculiar electronic structure in the hidden order state of URu2 Si2 , that is, very
clean, low carrier density, and electron-hole compensation, giving rise to unique superconducting properties including multiband superconductivity and enhanced entropy flow
state within the superconducting state. The thermal conductivity exhibits a peculiar
field dependence and no visible fourfold oscillation at the lowest temperature when the
magnetic field is rotated within the basal plane. These results provide strong evidence
for a new type of superconducting gap structure with two distinct gaps having different
nodal topologies. Line nodes are located perpendicular to the c-axis in the hole band and
point nodes are located along the c-axis in the electron band. Based on these results, we
conclude that the superconducting gap function of URu2 Si2 is most likely to be a “chiral”
d-wave symmetry with a form kˆz (kˆx + ikˆy ). This novel superconducting state is a unique
example among unconventional superconductors.
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4.2

Introduction

Starting with the discussion about the coexistence of superconductivity and ferromagnetism in the 1950s, a superconducting state coexisting with other ordered phases has
been an old but still central issue in condensed matter physics. In strongly correlated
materials including heavy-Fermions, cuprates, ruthenates, and organic conductors, unconventional superconductivity with symmetries other than the conventional s-wave symmetry has been found and studied extensively over the past two decades. Unconventional
superconductivity is characterized by the anisotropic superconducting gap structure with
zeros of gap amplitude (nodes) along certain directions in the momentum space [1, 2].
Since the superconducting gap structure is intimately related to the pairing interaction,
its identification plays a crucial role for understanding the pairing mechanism. In most
of the materials mentioned above, unconventional superconductivity appears in the vicinity of a magnetically ordered phase. Therefore, it is widely believed that Cooper pairs
are formed by magnetically mediated interaction. Among strongly correlated systems,
U-based heavy-Fermion materials form a fascinating subsystem for unconventional superconductivity. The superconducting phase mostly appears after the development of
the magnetically ordered phase. Table 4.1 lists U-based heavy-Fermion superconductors
with their corresponding coexisting phase. There are wide varieties of coexisting phases,
including antiferromagnetism with large or small ordered moments, spin density wave
(SDW), ferromagnetism, and hidden order. Since both phases usually coexist microscopically, it is widely believed that the 5f -electrons of U participate in superconductivity
and magnetic ordering concurrently [11]. In U-based heavy-Fermion superconductors,
the strong Coulomb repulsion within the atomic f -shells leads to a notable many-body
Table 4.1: U-based heavy-Fermion superconductors with coexisting phase. The compounds marked by asterisks exhibit the coexistence of superconductivity and other orderings under pressure.
Coexisting phase
compound
Antiferromagnetism
UPd2 Al3 [54]
Small moment antiferromagnetism
UPt3 [55]
Spin density wave
UNiAl3 [56]
∗
Ferromagnetism
UGe2 [18], URhGe [19], UIr∗ [20], UCoGe [21]
Hidden order
URu2 Si2 [57–59]
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effect and often gives rise to Cooper pairing states with angular momentum greater than
zero. However, the superconducting gap structures in most U-based heavy-Fermion superconductors have not yet been clarified. Therefore, clarifying the superconducting gap
structure of U-based heavy-Fermion superconductors is important in understanding the
physics of unconventional superconductivity in strongly correlated systems.

4.2.1

Hidden order

After the discovery of superconductivity in URu2 Si2 [57–59], it has been attracted considerable interest among heavy-Fermion superconductors because of its unique coexisting
phase, whose order parameter has not yet been determined more than two decades after its discovery. Figure 4.1 shows the crystal structure of URu2 Si2 . URu2 Si2 has a
body-centered tetragonal ThCr2 Si2 structure (space group I4/mmm) with lattice constant a = b = 4.124 Å and c = 9.582 Å. Superconductivity with a moderately heavy mass
(electronic specific heat coefficient γ ' 70 mJ/mol K2 ) appears at Tc ' 1.5 K after the
evolution of a second order phase transition below Th = 17.5 K, where the thermodynamic quantities and transport properties show a large anomaly [57–60]. For examples of
the thermodynamic and transport anomalies at Th , the temperature dependence of the
specific heat and resistivity are shown in Figs. 4.2(a) and (b), respectively. The specific

U
Ru
Si
c
a
a
Figure 4.1: The crystal structure of URu2 Si2 with a body-centered tetragonal ThCr2 Si2
structure. The arrows represent the magnetic moment of U atoms aligned antiferromagnetically along the c-axis below T ' Th .
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(a)

(b)

Figure 4.2: (a) Specific heat of URu2 Si2 plotted as C/T as a function of T . The solid line
represents the entropy balance. A large specific heat anomaly with ∆C/Th ' 300 mJ/mol
K2 is found at Th . (b) Resistivity ρ as a function of temperature. ρ exhibits a distinct
peak immediately below Th , as clearly observed in the inset [57, 58].

(a)

(b)

Figure 4.3: (a) Temperature evolution of 29 Si NMR spectra under pressure P . The magnetic field was applied along the c-axis. The satellite peaks grow as lowering temperatures
without changing the peak position, indicating the evolution of the antiferromagnetic volume fraction. (b) P -dependence of internal field Hin , antiferromagnetic volume fraction,
and intensity of neutron magnetic Bragg scattering IB [61].

heat C exhibits a large jump with ∆C/Th ' 300 mJ/mol K2 at Th . The resistivity ρ
exhibits a peak immediately below Th following a kink at Th .
The large magnetic entropy of ∆S ' 0.2R ln 2 is lost in this phase transition. Below
Th at ambient pressure, an antiferromagnetic ordering with wave vector Q0 = (1, 0, 0) is
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observed [62]. The antiferromagnetic spin structure is of the so-called type-I magnetic
structure in the ThCr2 Si2 crystal structure, as shown in Fig. 4.1. The ordered moments
align along the c-axis and they are coupled ferromagnetically in the basal ab-plane. The
ferromagnetic sheets are stacked antiferromagnetically along the c-axis. However, the
very tiny ordered moments of µ ' 0.02 µB /U-atom are hard to reconcile the large entropy
loss associated with the transition. The measurements including nuclear magnetic resonance (NMR) under pressure have addressed the origin of the small ordered moments.
In Fig. 4.3(a), the temperature evolution of NMR spectra at 8.3 kbar are shown. At the
paramagnetic phase, only one peak is found. However, with decreasing temperatures,
satellite peaks appear around the peak centered at f ∼ 36.5 MHz and these develop
instead of the suppression of the central peak. These results strongly indicate that the
antiferromagnetic and paramagnetic phases exist in the different parts of the sample volume. Figure 4.3(b) shows the pressure evolution of the internal magnetic field and the
antiferromagnetic volume fraction vAF obtained by the NMR measurements. It was found
that the ordered moments do not depend on pressure, but vAF evolves under pressure.
vAF at ambient pressure appears to be very small, less than a few percent [61]. Therefore,
it is widely believed that the phase transition is a primary “hidden order,” whose order
parameter cannot be directly detected by the usual technique [63].
Many theories have proposed several exotic order parameters for the hidden order phase
[64–73]. Roughly speaking, these theories are divided into three groups, in which the 5f electrons of URu2 Si2 are considered to be essentially localized [64–66], itinerant [67–71], or
both simultaneously (dual model) [72, 73]. In the localized model, the proposals include
the ordering of the quadrupole [64, 65] or octupole moments [66]. In the itinerant model,
the proposals include conventional SDW [68], SDW with a higher angular momentum
channel (d-density wave) [67, 69], orbital antiferromagnetism [70], and helicity order [71].
However, none of them qualify as a hidden order phase. Therefore, the nature of the
hidden order has become a topic of great interest in heavy-Fermion physics.

4.2.2

Relationship between superconductivity, hidden order, and
antiferromagnetism

The relationship between superconductivity, hidden order, and antiferromagnetism has
been revealed by recent pressure measurements. The pressure dependence of Tc , the volume fraction of the superconducting and the antiferromagnetic phases, and the P − T
phase diagram of URu2 Si2 are shown in Figs. 4.4(a) and (b). By applying pressure at
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T > Tc , a hidden order phase with vanishingly small antiferromagnetic ordered moments
is replaced by the antiferromagnetic phase with a large ordered moment of µ ' 0.4 µB /Uatom at P = PM . With increasing pressures, the superconductivity is suddenly suppressed
at Pc ' 0.7 GPa. At Pc , the superconducting volume fraction is dramatically suppressed
along with the concomitant evolution of the antiferromagnetic volume fraction [74]. These
results strongly indicate that superconductivity coexists with the hidden order but competes with antiferromagnetism. Therefore, the superconductivity of URu2 Si2 is different
from that of other superconductors with coexisting phases since most of them coexist microscopically with magnetic ordering where the large magnetic moments are established.
Figure 4.5 shows the H − T phase diagram obtained by high-field resistivity measurements with magnetic field parallel to the c-axis [75, 76]. Apart from pressure, magnetic
field destroys the hidden order. The critical field of the hidden order for T → 0 K limit
HcHO has been found as HcHO = 36.1 T. We emphasize that, as immediately observed
in Figs. 4.4 and 4.5, the differences between the temperature, field, and pressure range
occupied by the superconducting and hidden order phases are remarkably large. The
transition temperature and critical field for the superconductivity are nearly one tenth of
that for the hidden order. These fact strongly indicate a large difference in the energy
scale between two distinct phases and hence it is difficult to expect a direct coupling of
the superconductivity and hidden order.

4.2.3

Electronic structure in the hidden order phase

Another important aspect of the hidden order is the dramatic reconstruction of the
electronic structure at the transition. The electronic specific heat coefficient reduces its
magnitude from ' 110 mJ/mol K2 above Th to ' 70 mJ/mol K2 below with a concomitant reduction of carrier density associated with the gap opening at the transition [58].
A fivefold increase of the Hall coefficient RH suggests that most carriers, nearly 90 %,
disappears below Th , as shown in Fig. 4.6 [78–80]. A small carrier density, which is one
order of magnitude smaller than that of other heavy-Fermion superconductors, indicates
that a semimetallic state is realized in URu2 Si2 as in bismuth and graphite. Well-known
superconductors with such a small carrier density are underdoped high-Tc cuprates, implying a remarkable superconducting state in URu2 Si2 . Such a heavy low-density carrier
state induces peculiar superconducting properties, including the flux line lattice melting
even at subKelvin temperatures due to the large thermal fluctuations [81]. However, the
electronic structure in the hidden order state is still puzzling due to a poor understand-

36

(a)

(b)

Figure 4.4: (a) Upper panel: Tc vs. P . Lower panel: P -dependence of the superconducting and antiferromagnetic volume fractions, vSC and vAF . (b) P − T phase diagram
of URu2 Si2 . PM (open circles) was determined from the neutron-scattering measurements
[74].

Figure 4.5: H − T phase diagram of URu2 Si2 [75]. Phase boundaries for phases II,
III, and V were determined from the step-like anomaly of the resistivity [76]. At the
phase boundary of phase III, the magnetization exhibits a step-like anomaly, indicating a
metamagnetic transition [77].

ing of the nature of the transition. We will argue that the electronic structure can be
understood through the charge transport measurements using high-purity crystals.
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Figure 4.6: Temperature dependence of the Hall coefficient RH and the magnetic susceptibility of URu2 Si2 . The magnetic field is applied parallel to the c-axis [78].

4.2.4

Unconventional superconductivity

An important question about the superconductivity of URu2 Si2 that remains unresolved
is the nature of the microscopic pairing interaction responsible for the superconductivity. In order to elucidate the pairing mechanism, the identification of the symmetry of
the superconducting order parameter is of primary importance. In particular, the gap
structure of URu2 Si2 is expected to provide valuable information about the relationship
between the superconductivity, antiferromagnetism, and hidden order. Several measurements including the specific heat and NMR have revealed that the superconducting gap
function of URu2 Si2 is anisotropic [82, 83]. C/T exhibits a linear temperature dependence
at intermediate temperatures (Fig. 4.7(a)). The NMR relaxation rate 1/T1 exhibits T 3 dependence down to T /Tc ' 0.2 without the Hebel-Slichter coherence peak immediately
below Tc , suggesting the existence of line nodes in the gap function, as shown in Fig. 4.7(b)
a
c
[83]. The relatively large anisotropy ratio of the upper critical fields, Hc2
/Hc2
' 4, where
c
a
are the upper critical fields for the a- and c-axis, respectively, cannot be
and Hc2
Hc2

explained by simply considering only the orbital or Pauli paramagnetic effect (Fig. 4.8)
[84].
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(b)

(a)

Figure 4.7: (a) Normalized specific heat C/γn T plotted as a function of normalized
temperature T /Tc . The lines represent calculated specific heats for several gap functions
[82]. (b) The temperature dependence of the spin-lattice relaxation rate 1/T1 obtained
by 101 Ru NQR [83].

Figure 4.8: The upper critical field of URu2 Si2 for H k a and H k c [84].
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4.3

Purpose of this study

As compared to the extensive studies on the hidden order, the superconductivity of
URu2 Si2 has attracted much less attention, presumably because its superconductivity
itself is strongly affected by the impurity concentration as compared to hidden order.
However, very recently, we have been able to obtain single crystals with extremely high
purity [85]. This allows a detailed study of the superconducting state.
The purpose of this work is to determine the superconducting gap structure of URu2 Si2
by measuring the low-temperature thermal conductivity under rotated magnetic fields,
which has proven to be a powerful probe for determining low-energy quasiparticle excitations, including the directions (see Sec. 1.5). In the following section, we show experimental details briefly. Charge transport measurements using ultra-clean crystals provide
important information about the electronic structure in the hidden order state, which
will be discussed in Section 4.5.1. The results of the field and angular dependence of the
thermal conductivity are shown in Secs. 4.5.2-4.5.4, providing direct evidence for superconductivity with two distinct gaps having different nodal topologies. We also find a first
order phase transition at the upper critical field with a reduction in the entropy flow.
These results place strong constraints on the possible gap symmetry of URu2 Si2 , which
will be discussed in Sec. 4.6.
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4.4
4.4.1

Experimental
Ultra-clean single crystals of URu2 Si2

The single crystals of URu2 Si2 were provided by Prof. Yoshinori Haga, Prof. Tatsuma
Matsuda, and Prof. Yoshichika Onuki at Advanced Research Center, Japan Atomic Energy Agency (JAEA). The single crystals were grown by the Czochralski pulling method
in a tetra-arc furnace, using an electrotransport-purified uranium metal as a starting material. The as-grown crystal is shown in Fig. 4.9(a). After the subsequent annealing of
the as-grown crystals using the electrotransport method, the crystals were cut from an
ingot. In URu2 Si2 , double superconducting transition has often been observed in several measurements such as resistivity and specific heat. Such a double superconducting
transition was certainly found in the specific heat measured using the ingot immediately
after annealing, as shown in Fig. 4.10(a). However, after taking small pieces of crystals
by cutting the ingot, the transition turns into a single jump, as shown in Fig. 4.10(b).
A sample used in the thermal conductivity measurements at low temperatures was taken
from this piece of crystal and it is shown in Fig. 4.9(b). The typical sample dimension
was 1.25×0.65×0.15 mm3 .
Figure 4.11 shows the temperature dependence of the resistivity ρ along the a-axis
(electrical current J k a) in zero magnetic field. ρ exhibits a tiny peak following a kink at
Th , as previously reported. A well-defined superconducting transition Tc0 = 1.45 K was
observed, which was confirmed by the specific heat measurements. As shown in the inset

Figure 4.9: (a) A single crystal ingot of URu2 Si2 grown by the Czochralski pulling
method [85, 86]. (b) Sample cut from the ingot for thermal conductivity measurements.
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Figure 4.10: (a) Specific heat of single crystal after the annealing before cutting. (b)
Specific heat of single crystal after taking a small piece of the crystal by cutting the
annealed ingot.
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Figure 4.11: Main panel: Temperature dependence of ρ along the a-axis in zero magnetic
field. Inset: ρ at low temperatures as a function of T 2 .

of Fig. 4.11, ρ depends on the temperature T as ρ = ρ0 + AT 2 below 6 K down to Tc0 .
The extremely low residual resistivity ρ0 = 0.48 µΩ cm and large residual resistivity ratio
of 670 attest the highest crystal quality currently achievable. The magnetoresistance and
Hall effect were measured in the transverse geometry (H k c, J k a).
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4.4.2

Thermal conductivity measurements

4.4.2.1

Thermal conductivity under static magnetic fields

The thermal conductivity κ was measured using a dilution refrigerator down to 30 mK
(' Tc0 /50) by a standard four-wire steady-state method along the a-axis (heat current
q k a). The contacts were made by a spot-welding technique, resulting in a low contact
resistance less than 10 mΩ at low temperatures. In order to apply the magnetic field H
with high accuracy relative to the crystal axes, we use a system with two superconducting magnets generating magnetic fields along two mutually orthogonal directions and a
cryostat set on a mechanical rotating stage at the top of a dewar. By controlling the
two superconducting magnets and the rotating stage using a computer, we were able to
rotate H with a misalignment of less than 0.02◦ from each axis, which we confirmed by
the simultaneous measurements of ρ.
4.4.2.2

Thermal conductivity under rotated magnetic fields

In the field rotation experiments, we measured the thermal conductivity down to
100 mK. We measured the thermal conductivity in rotating H within the ab-plane and
bc-plane. In the former, the twofold oscillation of thermal conductivity appears as a function of the angle between H and q due to the difference in the effective density of states
for quasiparticles traveling parallel to the vortices and for those moving along the perpendicular direction. This twofold symmetry is not directly related to the nodal structure
as is observed in s-wave Nb [41]. We can exclude the twofold oscillation when H is applied parallel to the bc-plane because H is always kept perpendicular to q (H ⊥ q). In
these experiments, the thermal conductivity was measured after field cooling above Tc0 .
Consecutive measurements with an inverted direction produced little hysteresis in the
angular dependence of the thermal conductivity, which indicates that the field trapping
effect related to vortex pinning was negligible.
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4.5

Results

4.5.1

Charge transport measurements

4.5.1.1

Electronic structure in the hidden order phase

The main issue concerning the electronic structure in the hidden order state of URu2 Si2
is the presence of the remaining Fermi surfaces. Several Fermi surface sheets have been
determined by de Haas van Alphen (dHvA) measurements in the hidden order state [86–
88]. Figure 4.12(a) shows the angle dependence of the measured dHvA frequency in the
hidden order state. The largest Fermi surface, denoted as α, has an almost spherical shape
with a Fermi momentum of kF ' 1.8 × 109 m−1 and effective mass m∗ ' 13m0 , where
m0 denotes the free electron mass. By comparing the calculated dHvA frequency in the
paramagnetic state shown in Fig. 4.12(b), the α branch is indicated to be a hole band,
band 17-hole in Fig. 4.13. Note that the hole band is located at the Z point, symmetry
point on the Brillouin zone boundary. Although other small Fermi surfaces were found,
these can be considered to be negligible and may not contribute to the thermodynamic
and transport properties because of their small volume in the momentum space (or small
carrier density). However, the estimated contribution of these bands to the electronic
specific heat is only one-fifth of the measured electronic specific heat. Therefore, another
(a)

(b)

Figure 4.12: Left panel: angle dependence of the dHvA frequency measured at 40 mK,
deep within the hidden order state of URu2 Si2 . Right panel: angle dependence of the calculated dHvA frequency using the RLAPW method in the paramagnetic state of URu2 Si2
[86].
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Figure 4.13: Fermi surfaces in the paramagnetic state of URu2 Si2 calculated using the
RLAPW method [86].

Fermi surface with a larger volume or heavier mass is suggested; however, it has not been
detected so far.
In addition to the semimetallic state with the low carrier density, fascinating features
have been reported with respect to the electronic structure. Figures 4.14(a) and (b) show
the field and angular dependence of the magnetoresistance, respectively. With an increasing magnetic field, the magnetoresistance increases without saturation behavior along any
field direction. In particular, for the field along the [001] direction, the magnetoresistance
exhibits H 2 -dependence. The angular dependence varies monotonically without a sharp
decrease. These results demonstrate the compensation in which the number of holes and
electrons are essentially same and the absence of open orbits [86]. The presence of a
closed orbit is also supported by a small carrier density and by the dHvA experiments.
In order to clarify the electronic structure in the hidden order phase in greater detail, we
examined the charge transport properties using ultra-clean single crystals. We measured
the magnetoresistance and Hall effect, which are fundamental but powerful probes for
examining the electronic structure.
In metals with compensation, the magnetoresistance and Hall effect exhibit a characteristic behavior in terms of ωc τ , where ωc = eH/m is the cyclotron frequency for
carriers of the mass m and τ is the scattering time. The magnetoresistance ∆ρ/ρ, where
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(b)

∆ρ/ρ

(a)

Figure 4.14: (a) Field dependence of the magnetoresistance at 40 mK. (b) Angular
dependence of the magnetoresistance [86].

∆ρ ≡ ρ(H) − ρ(0), is given by
∆ρ/ρ = (ωce τe ) · (ωch τh )

(4.1)

and the Hall resistivity ρxy is given as
ρxy =

H ωch τh − ωce τe
,
·
nh e ωch τh + ωce τe

(4.2)

where n denotes the carrier number and the suffixes e and h denote “electron” and “hole,”
respectively [89]. As seen in eqs. (4.1) and (4.2), the quadratic field dependence of the
magnetoresistance without saturation behavior and H-linear ρxy are expected. The sign
of ρxy reflects the carriers with higher mobility due to the inequality between ωch τh and
ωce τe . The best-known examples of electron and hole compensated semimetals are bismuth
and graphite [90].
4.5.1.2

Magnetoresistance

Figure 4.15(a) shows the temperature dependence of ρ in several magnetic fields. At
high magnetic fields, ρ increases with decreasing temperatures as it does in insulators
(dρ/dT < 0) in contrast to the conventional metallic behavior (dρ/dT > 0), as observed
in zero field, but then saturates at the lowest temperatures. In Fig. 4.15(b), the magnetoresistance ∆ρ/ρ in several temperatures is plotted as a function of H 2 . The magnitude
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Figure 4.15: (a) Temperature dependence of the resistivity ρ in zero and several magnetic
fields. (b) The magnetoresistance ∆ρ/ρ plotted as a function of H 2 . The dashed line
represents a perfect H 2 -dependence.

of the magnetoresistance strongly depends on the temperature, and it increases with decreasing temperatures. Most remarkably, the magnetoresistance at T → 0 K exhibits a
nearly perfect H 2 -dependence without saturation behavior up to 10 T, demonstrating a
nearly perfect compensation in a manner similar to that in bismuth and graphite. Moreover, ∆ρ/ρ is dramatically enhanced and becomes as large as 30000 % at 10 T, which
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is much larger than that in any known superconducting material. From eq. (4.1), we
c
estimate (ωce τe ) · (ωch τh ) ' 25 as T → 0 K at Hc2
= 2.8 T. To the best of our knowledge,

this ωc τ value is the maximum among all known type-II superconductors.
4.5.1.3

Hall effect

Figure 4.16(a) depicts the temperature dependence of the Hall coefficient RH . RH is
defined using the H-dependence of ρxy , shown in Fig. 4.16(b), as RH ≡

dρxy
dH

at H → 0 T.

The sign of Hall signal is positive in the present temperature and field range and RH grows
rapidly immediately below Th . These results are consistent with those observed in previous
studies [78, 79]. Below ∼ 6 K, RH becomes constant with a value of RH ' 2.3×10−8 m3 /C
with nearly H-linear dependence of ρxy . We note that RH at low temperatures, where
the influence of skew scattering can be neglected, is 2.5 times larger than that of dirtier
crystals, presumably due to a large inequality between ωch τh and ωce τe in our cleaner
crystals, as seen in eq. (4.2).
The number of holes nh , estimated from RH as nh =

1
RH e

using a single band model,

gives an upper limit of nh ' 2.6 × 1026 m−3 , corresponding to 0.021 holes per U-atom.
On the other hand, nh of the observed hole band mentioned above is estimated to be
' 0.017 holes/U-atom, which coincides well with nh estimated from RH , indicating that
RH is governed by the spherical hole band. In accordance with eq. (4.2), it is suggested
that the electron mass is considerably heavier than the hole mass, mh ¿ me , because
the large positive RH '

1
nh e

implies ωch τh À ωce τe . Considering the compensation and the

discrepancy between the specific heat and dHvA experiments, it is natural to assume that
the electron band has a much heavier mass and it has a volume same as the spherical hole
band.
4.5.1.4

Band structure

Although the presence of the electron band has not been confirmed by the dHvA experiments so far, we attempt to estimate the shape of the Fermi surface of the electron band.
According to the magnetoresistance measurements using different samples, the ratio of
transverse magnetoresistance along the c- and a-axis is greater than ten at 40 mK and
15 T [86]. Moreover, considering the spherical hole band and the anisotropic upper critical field, it is suggested that the shape of the electron band is elliptical with anisotropic
mass. Based on these results, we conclude that compensation occurs between the spherical
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Figure 4.16: (a) Temperature dependence of Hall coefficient RH ≡
Hall resistivity ρxy as a function of H immediately below Th .

dρxy
dH

at H → 0 T. (b)

light hole band and the elliptical heavy electron band in the hidden order state of URu2 Si2 .
In the following section, we assume that the spherical light hole band and the elliptical
heavy electron band are mainly responsible for superconductivity, and we neglect all other
bands.
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4.5.2

Thermal conductivity in the vortex state

Figures 4.17(a) and (b) show the temperature dependence of the thermal conductivity
divided by the temperature, κ/T , in zero and several magnetic fields for H k a and H k c.
In URu2 Si2 , the thermal conductivity includes contributions from electrons, phonons and
spin waves. The spin wave contribution can be considered to be negligible due to the small
volume of the antiferromagnetic phase at ambient pressure. For H k c, κ/T strongly
depends on the magnetic field even in the normal state, because of the extremely large
magnetoresistance. In a zero magnetic field, the Wiedemann-Franz ratio L = (κ/T )ρ
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Figure 4.17: Thermal conductivity divided by temperature κ/T as a function of temperature in zero and several magnetic fields for (a) Hka and (b) Hkc. Arrows indicate
the transition temperature in zero field Tc0 .
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at Tc0 is close to the free electron value L0 = 2.44 × 10−8 ΩW/K2 , L = 1.00 ± 0.02L0 ,
indicating a dominance of electron contribution immediately below Tc0 . The magnitude
of κ/T at Tc0 is nearly five times larger than that in the previous thermal transport
study using much dirtier crystals with ρ0 = 9.5 µΩ cm [91]. κ/T in a zero magnetic field
exhibits a peak structure in the superconducting state following a strong enhancement
immediately below Tc0 ; in contrast, such a peak structure was not clearly observed in
the previous study. Similar behavior has been observed in strongly correlated electron
systems such as high-Tc cuprates, CeCoIn5 , and KOs2 O6 (see, Chapter 1, 7, and 6). In
the superconducting state, the thermal conductivity can be described as κ/T ∼ N (0)vF2 τ ,
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Figure 4.18: κ/T as a function of T 2 for (a) H k a and (b) H k c. The solid lines
indicate a linear fit with κ/T = α + βT 2 . The dashed lines indicate the estimated phonon
contribution κph /T .
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where N (0) denotes the density of states at Fermi energy, vF is the Fermi velocity, and
τ is the quasiparticle lifetime. Since N (0) should decrease as the temperature decreases
below Tc , the present results for URu2 Si2 indicate the enhancement of the quasiparticle
lifetime below Tc . To the best of our knowledge, URu2 Si2 is the second example among
heavy-Fermion superconductors after CeCoIn5 that exhibits the enhancement of κ/T in
the superconducting state.
Figures 4.18(a) and (b) show the temperature dependence of κ/T at low temperatures
as a function of T 2 in zero and several magnetic fields for H k a and H k c, respectively.
As shown by the solid lines, all data at lowest temperatures can be well described by
κ/T = α + βT 2 , where α and β are constants. The slope of the T 2 -term, β, reaches
a constant value of ' 4.0 W/K4 m at high fields in both field directions. We estimate
the phonon contribution to the thermal conductivity κph from a simple relation κph =
Cph vs `ph /3, where Cph , vs , and `ph denote the phonon specific heat, sound velocity, and
phonon mean free path, respectively. Assuming that the phonon mean free path is limited
by the boundary of the sample, we obtain `ph ' 350 µm for the sample used. Using `ph ,
β = 7.75 JK−4 m−3 , and vs = 4900 m/s, we obtain κph /T ' 4.4T 2 , which agree well with
the observed T 2 -term in a high field [91].
Figure 4.19 shows the field dependence of the thermal conductivity κ(H)/T at T → 0 K
limit. κ(H)/T is obtained by extrapolating κ/T to T → 0 K, which is purely electronic.
We can decompose κ(H)/T into four regions denoted as (I), (II), (III), and (IV), as shown
in Fig. 4.19. κ(H)/T shows distinct field dependence for two field directions after an initial
steep increase for both directions [regions (I) and (II)]. In the vicinity of the upper critical
field Hc2 [region (III)], κ(H)/T exhibits a distinct jump with concomitant reduction at
Hc2 . Most remarkably, the magnitude immediately above Hc2 is smaller than that in a
zero magnetic field. In the normal state [(IV) region], κ(H)/T decreases with increasing
magnetic field. This is related to the remarkable magnetoresistance because κ(H)/T
coincides well with the thermal conductivity estimated using the Wiedemann-Franz law,
κ(H)/T ' L0 /ρ(H), indicated by the dotted and dashed lines in Fig. 4.19.
To the best of our knowledge, the remarkable step-like reduction of κ(H)/T at Hc2 is
unprecedented in type-II superconductors. Unfortunately, we could not measure κ(H)/T
above Hc2 for H k a due to the experimental limitation (12.4 T), but the WiedemannFranz law should be valid for H k a. Therefore, a large reduction in κ(H)/T at Hc2 is
also expected for H k a. Figure 4.20(a) shows κ(H)/T in the vicinity of Hc2 for H k c
at several temperatures. The jump at Hc2 broadens with increasing temperatures and
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Figure 4.19: The field dependence of the thermal conductivity κ(H)/T for H k a (solid
circles) and for H k c (open circles) as a function of the normalized field H/Hc2 . There
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Figure 4.20: (a) κ(H)/T at several temperatures for H k c as a function of the magnetic
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(a)

(b)

Figure 4.21: (a) Temperature dependence of the NMR spectra in the c-axis oriented
polycrystalline URu2 Si2 [92]. (b) The µSR frequency in polycrystalline URu2 Si2 for an
applied magnetic field of 350 G [93].

there is no discernible anomaly above 0.4 K. Since the thermal conductivity is related to
an entropy flow, its jump immediately indicates the occurrence of the first order phase
transition, regardless of the direction of the jump, as reported in the case of CeCoIn5
[44]. In order to determine the end point of the first order transition more clearly, we
take the field derivative of κ(H)/T and show it in Fig. 4.20(b), where it is plotted as
a function of H. A distinct dip structure can be observed below 0.4 K but it is absent
at 0.5 K, indicating that the end point is at 0.5 K. Therefore, the transition from the
superconducting to the normal state is a second order one at high temperatures but
becomes a first order one at low temperatures below 0.5 K (T /Tc0 ' 1/3). The inset of
Fig. 4.20(b) shows the H − T phase diagram determined by our experiments for H k c.
√

Here, we estimate the Maki parameter, defined as

orb
2Hc2
HP

that measures the strength of the

orb
c2
Pauli paramagnetic effect in the superconducting state. Here, Hc2
' 0.7Tc | dH
|
is
dT T =Tc

the orbital limiting field and HP is the Pauli limiting field. We obtain HP from the simplest
formula as HP ' 1.84Tc ' 2.8 T. The initial slopes of the upper critical field along the
a- and c-axis, determined by the thermal conductivity measurements, are 20.5 T/K and
orb
6.3 T/K, respectively. Then, Hc2
for H k a and H k c is found to be 21.5 T and 6.6 T,

respectively. Therefore, the Maki parameter of URu2 Si2 is more than unity for both the
field directions and hence the origin of the first order transition is most likely due to the
Pauli paramagnetic limiting. The presence of a strong Pauli paramagnetic effect is also
supported by the recent specific heat measurements [94]. Therefore, these results strongly
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Figure 4.22: Main panel: Calculated experimentally measurable longitudinal thermal
conductivity κEX
L for estimated parameters of URu2 Si2 as a function of the magnetic field.
(h)
(e)
Inset: Magnetoresistance as a function of (H/Hc2 )2 for several values of kF and kF ,
(h)
(e)
where kF and kF are the Fermi momenta of hole and electron bands, respectively [95].

suggest that an spin singlet pairing state is realized in URu2 Si2 . We note that the results
of the measurements for spin susceptibility in the superconducting state are controversial.
Figures 4.21(a) and (b) show the temperature evolution of the NMR spectra and the
temperature dependence of the µSR frequency, respectively. The almost temperatureindependent peak positions of the NMR spectra as the temperature lowered across Tc
indicates a constant spin susceptibility, implying triplet superconductivity. Contrastingly,
the µSR frequency exhibits a steep increase immediately below Tc , which corresponds to
a decrease in spin susceptibility in the superconducting state, implying spin singlet state
in URu2 Si2 [92, 93].
Here, we should recall that, κ/T ∼ N (0)τ typically holds at the lowest temperature.
Owing to the reduction in the density of states and the enhancement of the scattering
rate by vortices, the heat conduction immediately below Hc2 is usually smaller than that
in the normal state (see Fig. 1.7 in Sec. 1.4.2). Therefore, the observed field dependence is highly unusual; the present results indicate an enhanced entropy flow state in
the superconducting state rather than in the normal state. Thermal transport in the
superconducting mixed state is usually described by the quasiclassical theory, which can
work in the limit of (kF ξ)−1 ¿ 1 and ωc τ ¿ 1. Very recently, Adachi and Sigrist have
generalized a theory that is applicable in the opposite limit (quantum limit), (kF ξ)−1 and
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ωc τ À 1, which the present ultra-clean URu2 Si2 crystals are set in, and also includes the
compensation [95]. Note that a large (kF ξ)−1 corresponds to a low carrier density (small
kF ). Figure 4.22 shows the results of the calculation using the estimated parameters of
ultra-clean URu2 Si2 , which suitably reproduces the present results. The enhancement
in the thermal conductivity below Hc2 is demonstrated by both the compensation and
the quantum limit. Without compensation, the thermal conductivity is reduced even in
the quantum limit. Therefore, ultra-clean URu2 Si2 provides a rare stage for the peculiar
thermal transport in the superconducting mixed state in the quantum limit.
As described in Sec. 1.4.2, it has been demonstrated that the field dependence of the
thermal conductivity in the superconducting state of typical s-wave and nodal superconductors is considerably different. In the former, the thermal conductivity is almost zero
and exhibits an exponential behavior with H at H ¿ Hc2 since quasiparticle states are
bound in the vortex cores. Contrastingly, in nodal superconductors, the heat transport is
governed by delocalized quasiparticles rather than localized quasiparticles. The most remarkable effect on the heat transport is the Doppler shift in the energy of delocalized quasiparticles with momentum p in a circulating supercurrent flow vs , E(p) → E(p) − vs · p,
which becomes important when the local energy gap becomes smaller than the Doppler
shift term, |∆| < |vs · p| [26]. For line nodes, where the density of states of the quasipar√
ticles has a linear energy dependence, this effect leads to H-dependence in the density
√
of states of the quasiparticle at Fermi energy and hence κ(H)/T ∝ H.
However, the field dependence of the thermal conductivity in URu2 Si2 is considerably
different from that expected in typical s-wave and nodal superconductors (see, Fig. 1.7 in
Sec. 1.4.2). On the other hand, the twofold increase in κ(H)/T for H k a with a plateaulike behavior following an initial steep increase is very similar to that of κ(H)/T in MgB2
[96] and PrOs4 Sb12 [97], which are well-known multiband superconductors having two
distinct gaps. Therefore, these results provide strong evidence for multiband superconductivity in URu2 Si2 . The end point of the initial steep increase HS ' 0.4 T, indicated
by an solid arrow in Figure 4.24, is interpreted as a virtual upper critical field that controls the field dependence of the smaller gap [98]. The multiband superconductivity is
consistent with the compensation effect originating from the presence of two bands. It is
natural to assume that the smaller (larger) gap, which contributes to the low (high) field
part of κ(H)/T , originates from the hole (electron) band having a light (heavy) effective
mass. The isotropic field dependence below HS is consistent with the spherical shape of
the light hole band. Therefore, we can discuss the contribution of the spherical light hole
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Figure 4.23: Thermal conductivity of MgB2 and PrOs4 Sb12 normalized by the normal
state value, κ/κn , as a function of the normalized magnetic field H/Hc2 [96, 97].

band and elliptical heavy electron band separately from κ(H)/T in region (I) and (II),
respectively.

4.5.3

Multiband superconductivity in URu2 Si2

In URu2 Si2 , several differences can be observed in κ(H)/T as compared to that in the
s-wave multiband superconductor MgB2 . At first, we discuss κ(H)/T below HS , where
the spherical light hole band dominates the heat transport. As seen in Fig. 4.18, a finite
residual term of the thermal conductivity, κ00 /T , is clearly resolved at a zero field. The
existence of a finite κ00 /T indicates the presence of a normal fluid, which is expected
for superconductors with nodes in the gap function, but is not attributed by s-wave
superconductors even in multiband systems. As described in Sec. 1.4.1, in anisotropic
superconductors with line nodes, κ00 /T is insensitive to dilute non-magnetic impurities.
κ00 /T in the strong scattering limit (the unitary limit) is given by
µ
¶
κ00
κn 4 ~Γ 1
=
,
T
T π ∆0 µ

(4.3)

where Γ is the normal state scattering rate, ∆0 is gap amplitude, and µ =
is the slope of the energy gap at Fermi energy [33]. Using

~Γ
∆0

'

πξ
2`e

1 d∆(φ)
| dφ |nodes
∆0

= 0.1 and µ = 2

expected for line nodes along the c-axis, κ00 /T is estimated to be 0.19 W/K2 m. Here, we
used the quasiparticle mean free path `e of the light hole band, estimated as ' 1.2 µm
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virtual Hc2 of light hole band HS ' 0.4 T. The solid and dashed lines indicate κ(H)/T
calculated by eq. (4.4) for H k a and H k c, respectively.

from dHvA experiments, and the in-plane coherence length estimated as ξ ' 0.3 µm from
c
. The calculated value is of the same order as the observed values of
HS , instead of Hc2

0.38 W/K2 m, indicating the presence of line nodes in the light hole band.
The presence of line nodes is further supported by the field dependence, while it is
shown that an initial steep increase of κ(H)/T is also expected for multiband s-wave
superconductors. The relatively long effective coherence length in the band with smaller
gap indicates that the system is in the dirty regime, even for a moderately clean sample.
As a result, the quasiparticles become delocalized from the vortex cores and contribute to
κ(H)/T in a manner similar to that for nodal superconductors [98]. However, in URu2 Si2 ,
the mean free path of the light hole band is much longer than its effective coherence length,
indicating the presence of a delocalized quasiparticle state due to nodes. According to
Kübert and Hirschfeld, κ(H)/T at T → 0 K for d-wave superconductors is given by
µ
¶

H
π
H
c2

 1+s
ln
, H k q,
κ(H)/T
Hc2
2a2 H
(4.4)
=
p

κ00 /T
 √
,
H
⊥
q,
p 1 + p − sinh−1 p
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where s =

a2 π 2 ∆0
,
16~Γ

q
p=

8~ΓHc2
,
π 2 a2 ∆0 H

and a is a constant of order unity [39]. The solid and

dashed lines in Fig. 4.19(b) show the results of fitting by eq. (4.4) for H k a (H k q)
and H k c (H ⊥ q), respectively, assuming that Hc2 = HS . The obtained values of
~Γ/∆0 = 0.3 and 0.4 for H k a and H k c, respectively, are of the same order of
magnitude as that used in the estimation of κ00 /T , indicating a consistency in different
experiments. Therefore, we conclude that the line nodes are in the gap of the light hole
band.
We next discuss κ(H)/T above HS [region (II)], in which the heat transport is governed
by the elliptical heavy electron band. Remarkably, for H k a, κ(H)/T exhibits a steep
a
increase with a downward curvature up to almost Hc2
, which is not expected for s-wave

multiband superconductors with upward increase only in the vicinity of Hc2 . Therefore,
the convex field dependence for H k a implies the presence of the Doppler shifted density
of states due to nodes. On the other hand, κ(H)/T exhibits significantly different behavior
between two field configurations. In contrast to the convex field dependence for H k a,
κ(H)/T exhibits a plateau-like behavior up to the upper critical field for H k c, indicating
that the quasiparticles do not experience the Doppler shift. The most probable candidate
for the nodal structure of the heavy electron band is the point nodes at the poles. The
Doppler shift does not play a role in H k c because the momentum of the quasiparticles
at poles is confined along the c-axis and hence |vs · p| = 0. For line nodes, in contrast
to point nodes, a Doppler shift occurs for any field direction regardless of the location of
the line nodes (parallel or perpendicular to the c-axis) [25]. Therefore, we conclude that
nodal topologies in the superconducting gap of the spherical light hole and the elliptical
heavy electron band are line and point nodes, respectively.
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Figure 4.25: Schematic figure of the superconducting gap structure with point nodes
along the c-axis, for applied fields (a) H ⊥ c and (b) H k c. The shaded area represents
the region where the Doppler shift energy of the quasiparticles overcomes the local energy
gap. Note that the Doppler shifted density of state is absent when H k c.

light hole

heavy electron
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Figure 4.26: Nodal structure for the spherical light hole band (left) and the elliptical
electron band (right) inferred from the present experimental results. For the spherical
light hole band, we cannot distinguish the vertical line nodes running along the c-axis and
the horizontal line nodes lying on the basal ab-plane.
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4.5.4

Thermal conductivity in rotated magnetic fields

Having established the predominant contribution to the thermal transport, the next
issue is the location of nodes, especially the location of the line nodes in the light hole
band. As explained in Sec. 1.5, the thermal conductivity and specific heat measurements
under rotating H with respect to the crystal axes have been established as a powerful
method for determining the superconducting gap structure in the k-space [25]. The most
important effect in this method is again the Doppler shift of the quasiparticle energy.
Since the Doppler shifted energy sensitively depends on the angle between vs (⊥ H) and
p, oscillations of the quasiparticle density of states are expected when the relative angle
between H and the location of nodes changes with rotating H. The periodicity, phase,
and shape of the oscillations in the angular dependence of thermal conductivity directly
reflect the nodal structure, including the direction of nodes and their topology (point or
line). Therefore, we can reduce the possible allowed gap functions in the k-space.
An important advantage of measuring the thermal conductivity is that it can probe the
contribution of the hole and electron bands separately, as discussed in the previous section.
The heat capacity mainly probes the contribution of bands having a heavy mass, which
may mask the contribution of bands having a light mass. Therefore, the measurements
of the thermal conductivity under rotating magnetic fields would provide more valuable
information about the gap structure.
4.5.4.1

Light hole band

Here, we examine the location of line nodes in the light hole band. There are two
possibilities for line nodes: line nodes can be located perpendicular to the basal ab-plane
(vertical line nodes) or orthogonal to the c-axis (horizontal nodes). We measured the
thermal conductivity with rotating H within the basal plane at 0.05 T (' HS /10). For
vertical line nodes, a fourfold symmetry is expected in the angular variation of thermal
conductivity in addition to the twofold symmetry, as mentioned in Sec. 1.5. Such an
angular variation has been observed in superconductors with vertical line nodes, such
as CeCoIn5 [44] and κ-(BEDT-TTF)2 Cu(NCS)2 [45], which were measured in the same
experimental configurations (Figs. 4.27(a) and (b)). Contrastingly, only the twofold symmetry is expected for horizontal line nodes.
Figure 4.28(a) shows the angular variation of thermal conductivity ∆κ(φ)/κn as a function of φ, where ∆κ(φ) = κ(φ) − κ0 (κ0 is the average of total κ), κn is estimated from the
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(a)

(b)

Figure 4.27: Angular variation of the in-plane thermal conductivity in rotating magnetic
field and applying heat current within the basal plane for (a) CeCoIn5 and (b) κ-(BEDTTTF)2 Cu(NCS)2 [44, 45].

Wiedemann-Franz law as κn /T = L0 /ρ(T, H = 0), and φ ≡ (a, H) is the azimuthal angle
measured from the a-axis. In the superconducting state, ∆κ(φ)/κn exhibits a maximum
at φ = 0◦ and minima at φ = ±90◦ . At first glance, it appears that there is only twofold
symmetry. The amplitude of the twofold symmetry strongly depends on the temperature. We note that the twofold symmetry is observed even in the normal state due to
the anisotropic magnetoresistance, although it cannot be resolved in Fig. 4.28(a) because
of its small amplitude. On the other hand, the twofold symmetry cannot be explained
by a simple sinusoidal form, κ(φ) ∼ cos 2φ, as shown by the dashed line in Fig. 4.28(a).
We found that κ(φ) can be decomposed into three terms with different symmetries as
κ(φ) = κ0 + κ2φ + κ4φ , as shown by the solid lines in Fig. 4.28(a). Here, κ0 is a φindependent term, and κ2φ = C2φ cos 2φ and κ4φ = C4φ cos 4φ are terms with twofold and
fourfold symmetry, respectively. Fig. 4.28(b) shows fourfold symmetry κ4φ normalized by
κn , κ4φ /κn , after the subtraction of κ0 and κ2φ terms from the total κ(φ). It is apparent
that κ4φ has minima at φ = ±45◦ in the superconducting state. Figure 4.29 shows the
amplitude of fourfold symmetry, C4φ /κn , plotted as a function of temperature. C4φ /κn is
strongly enhanced below Tc0 and decreases with temperature following a peak near 0.5 K
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Figure 4.28: (a) Angular variation of thermal conductivity ∆κ(φ) = κ(φ)−κ0 normalized
by the normal state value ∆κ(φ)/κn in rotating H k ab-plane at several temperatures and
0.05 T. In this field range, the thermal conductivity is governed by the light holes [region
(I)]. The solid lines represent the result of fitting by the function κ(φ) = κ0 + C2φ cos 2φ +
C4φ cos 4φ, where κ0 , C2φ , and C4φ are constants. The dashed line represents the twofold
variation with a simple sinusoidal form (∼ cos 2φ). (b) The fourfold symmetry κ4φ /κn at
several temperatures at 0.05 T.
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Figure 4.29: The amplitude of the fourfold symmetry C4φ /κn as a function of temperatures at µ0 H = 0.05 T. The dashed line is a guide for the eyes.

Figure 4.30: Amplitude of fourfold oscillation in the zero energy density of states R ≡
N (φ = 0)/N (φ = π/4) expected for 2D d-wave superconductors and anisotropic s-wave
superconductors for H rotating within the basal plane [99].

with a maximum value of ' 2 %.
The most important subject here is the origin of the fourfold symmetry. The magnitude of C4φ /κn is of the same order as that observed in CeCoIn5 and κ-(BEDTTTF)2 Cu(NCS)2 . Moreover, it corresponds to the theoretical prediction considering the
Doppler shifted density of states in the presence of vertical line nodes. However, vertical
line nodes are not the only possibility for the fourfold symmetry due to the gap struc-

65

(a)

(b)

Figure 4.31: (a) Amplitude of fourfold oscillation in specific heat of CeCoIn5 as a function of normalized magnetic field (main panel) and temperature (inset). (b) Amplitude
of fourfold oscillation in specific heat of anisotropic s-wave CeRu2 as a function of temperature [28].

ture. The fourfold symmetry is also expected for fully gapped superconductors having
an anisotropic gap amplitude (anisotropic s-wave). According to Ref. [99], the amplitude
of fourfold symmetry expected for anisotropic s-wave superconductors can be comparable to that for nodal superconductors with vertical line nodes, although the amplitude
depends on the ratio of ∆min /∆max , where ∆min (∆max ) is the amplitude of the minimum (maximum) gap. Therefore, we cannot determine the presence of nodes by only
considering the magnitude of C4φ /κn . On the other hand, the temperature dependence
of C4φ /κn for nodal superconductors is distinct from that for anisotropic s-wave superconductors. In the former, C4φ /κn due to the Doppler shifted density of states remains
finite as H → 0 at T = 0 K because the gap amplitude should be zero at the nodes.
However, in anisotropic s-wave superconductors, quasiparticles cannot contribute to the
fourfold oscillations when the Doppler shift energy becomes smaller than the minimum
gap as H → 0 (i.e., |vs · p| < ∆min ). These results are experimentally demonstrated by
the specific heat measurements under a rotated magnetic field for d-wave CeCoIn5 and
anisotropic s-wave CeRu2 , and the results are shown in Fig. 4.31 (a) and (b) [28]. In
URu2 Si2 , C4φ /κn decreases toward zero as T → 0 K within an accuracy of ±0.1 % (see
κ4φ /κn at 0.1 K in Fig. 4.28(b)), which is incompatible with the prediction for the vertical line nodes. Therefore, these results strongly indicate that the nodal structure of the
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spherical light hole band is in the form of the horizontal line nodes as opposed to vertical
line nodes.
4.5.4.2

Heavy electron band

In order to examine the possible existence of vertical line nodes in the heavy electron
band, we measured the thermal conductivity in rotating H within the basal plane in region
(II) of Fig. 4.19. Figure 4.32(a) shows κ(φ) at 0.25 K at several applied magnetic fields.
κ(φ) exhibits twofold symmetry with a maximum at φ = 0◦ and minima at φ = ±90◦ , as
observed in region (I). With increasing magnetic field, κ(φ) clearly changes its behavior.
Above 1 T, κ(φ) exhibits a distinct cusp at H k q at 1 T, indicating the presence of
nonsinusoidal angular variation. More remarkably, as seen in κ(φ) at 3 T, κ(φ) exhibits a
distinct peak at H k q. Such a peak structure has never been observed in any materials
that have been previously reported.
For the origin of the peak structure in κ(φ), we assume that the heat transport is
governed by the vortex scattering in the superconducting mixed state. In our ultraclean URu2 Si2 single crystals used here, the quasiparticle mean free path `e significantly
exceeds 1 µm by at least one order of magnitude longer than the intervortex distance
p
a0 = Φ0 /B in the present field range. Thus, the quasiparticle scattering by the vortices
can be expected. If we consider isotropic scattering, we always obtain the usual twofold
oscillation. Therefore, we assume that the motion of quasiparticles is restricted to the
direction of q. In this case, the quasiparticle mean free path due to vortex scattering `v
varies as a function of φ and scales to the effective intervortex distance along the heat
current, which is proportional to 1/| sin φ|. Then, the angular variation of `v is given as
−1
`v (φ) = `v0 /| sin φ|. The total mean free path ` is estimated to be `−1 (φ) = `−1
0 + `v (φ).

Here, `0 is the quasiparticle mean free path due to impurities and `v0 = `v (φ = 90◦ ). The
peak term of the thermal conductivity is given as
µ
¶
`0 `v0
`0 `v0
κpeak (φ) = A
−
,
`v0 + `0 | sin φ| `v0 + `0

(4.5)

where A is a constant. We fitted the data, considering that the angular variation can
be decomposed as κ(φ) = κ∗ + κ2φ + κpeak , where κ∗ is an angle-independent constant.
Here, we take `0 as a constant value of 1.2 µm and `v0 as a fitting parameter. The value
of A is fixed among the fit. The results of fitting at 3 T is shown by the dashed line in
Fig. 4.32(a). Figure 4.32(b) shows the angular variation of thermal conductivity after the
subtraction of the fitting results from the raw data, δκ/κn (φ). Remarkably, the simple
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Figure 4.32: (a) Angular variation of thermal conductivity κ(φ) at 0.25 K for several
magnetic fields. The dashed line represents a fitting result considering vortex scattering
(for details, see text). (b) Angular variation of thermal conductivity after extraction of
the fitting results, δκ/κn , as a function of φ.
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Figure 4.33: Quasiparticle mean free path due to vortex scattering `v0 obtained by
p
eq. (4.5) as a function of magnetic field. The dashed line indicates a 1/H-dependence.

function reproduces the data well within the accuracy of 0.2 %. Figure 4.33 shows the
√
field dependence of `v0 obtained by this fitting. `v0 exhibits a H-dependence, which is
p
the same field dependence as the intervortex distance a0 ' Φ0 /B, indicating that our
assumption is reasonable. Since there is no fourfold oscillation within the experimental
accuracy of ' 0.2 %, these results indicate no vertical line nodes in the heavy electron
band, which is consistent with the recent specific heat measurements under rotating H
[28].
The magnitude of `v0 is one order longer than a0 , indicating a weak scattering by
vortices. This is a contrasting result with that of the heavy-Fermion CeCoIn5 , in which
the quasiparticle mean free path becomes comparable to a0 immediately after entering
the mixed state, indicating the presence of strong vortex scattering. These results are
consistent with the very recent thermal and electronic transport experiments that provide
evidence for the formation of the quasiparticle Bloch state in the superconducting mixed
state [81].
We also performed measurements by rotating H within the bc-plane (H⊥q). In these
measurements, we were able to obtain information about point nodes at poles or horizontal
line node(s). Figures 4.34(a) and (b) show the angular variation of thermal conductivity
∆κ/κn as a function of θ ≡ (c, H) in the superconducting and normal state, respectively.
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Here, ∆κ(θ) = κ(θ) − κ0 (κ0 is the average of total κ) and θ is the angle measured from
the c-axis. The twofold symmetry of ∆κ/κn is observed even in the normal state because
of the remarkable anisotropy of the magnetoresistance [86]. In the superconducting state,
∆κ/κn exhibits a complex behavior. At θ = ±90◦ (H k ab-plane), ∆κ/κn exhibits
cusps, presumably due to anisotropic magnetoresistance as in the normal state. Although
∆κ/κn is almost constant in a wide angle range centered at φ = 0◦ below 0.5 T, a
pronounced maximum develops at φ = 0◦ (Hkc) with increasing magnetic field. Since
this is opposite to the normal state behavior, the maximum would be related to the
superconducting state. However, it is difficult to determine the origin of the maximum
since the contributions to the oscillation of thermal conductivity from the density of states
and quasiparticle lifetime become comparable at finite temperatures and high fields. We
note that twofold oscillations with a maximum at φ = 0◦ were reported by very recent
heat capacity measurements under rotating H, which was suggested to be due to the
anisotropy of Hc2 (Fig. 4.35(a)) [28, 94]. Although we found no direct evidence of a nodal
structure in field-rotating experiments, considering the results of the field dependence of
thermal conductivity, we conclude that the nodal structure of the heavy electron band is
in the form of point nodes along the c-axis.
We finally comment on the specific heat measurements with rotating H within the
basal ab-plane (Fig. 4.35). The measurements were performed in the temperature and
field range where the contribution of the heavy electron band dominates. The specific
heat exhibits no discernible angle dependence, indicating the absence of vertical line
nodes, which is consistent with the present results.
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Figure 4.34: (a) ∆κ/κn as a function of θ =(c,H) at 0.25 K at several magnetic fields.
(b) ∆κ/κn as a function of θ in the normal state (1.8 K) at 2 T.

Figure 4.35: Angular variation of specific heat with rotating H within (a) the ac-plane
and (b) the basal plane.
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4.6

Discussion

4.6.1

Superconducting gap function of URu2 Si2

Several remarkable superconducting properties were discovered in the hidden order state
of URu2 Si2 in the present experiments.
(1) Singlet pairing
The first order transition at the upper critical fields for both the a- and c-axes
strongly suggests a singlet pairing state.
(2) Multiband superconductivity
The peculiar field dependence of thermal conductivity provides strong evidence for
the multiband superconductivity in this material, having two distinct gaps in different bands. This is a consequence of the peculiar electronic state, that is, semimetallic low-density carrier state and electron-hole compensation induced by the hidden
order.
(3) Unusual gap structure
The peculiar field dependence and angular dependence of thermal conductivity
strongly suggests a unique superconducting gap structure with two distinct gaps
having considerably different nodal topologies; line nodes are located perpendicular
to the c-axis in the gap of the spherical light hole band, and point nodes are located
along the c-axis in the elliptical heavy electron band.
Table 4.2: The gap functions of even parity representations in the tetragonal crystal with
point group D4h . The nodal structure in the superconducting gap allowed by symmetry
is shown in the third column, where −, V, and H denote full gap, vertical line node, and
horizontal line node, respectively.
Representation Basis function
Node
2
2
2
−
A1g
1, kx + ky , kz
2
2
A2g
kx ky (kx − ky )
Line (V)
Line (V)
B1g
kx2 − ky2
B2g
k x ky
Line (V)
Eg (1, 0)
k x kz
Line (V+H)
Eg (1, 1)
kz (kx + ky )
Line (V+H)
Eg (1, i)
kz (kx + iky ) Line (H)+Point
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The above results provide strong constraints in the possible gap function in URu2 Si2 . Table 4.2 shows the classification scheme for the gap functions of even parity representations
in the tetragonal crystal with point group D4h . We also show the allowed nodal structure
in each symmetry. The classification scheme allows one type of state having both line
and point nodes simultaneously; an even parity state belonging to two-dimensional Eg
representation with the basic d-wave form, kˆz (kˆx +ikˆy ). This gap function has reminiscent
form similar to that suggested in the spin triplet Sr2 RuO4 , ẑ(kˆx + ikˆy ), which is often
called the chiral p-wave symmetry. This gap function breaks the time reversal symmetry
and then has a twofold degeneracy in the in-plane component. In this analogy, we call
the suggested gap function as “chiral” d-wave symmetry. Considering the body centered
tetragonal crystal lattice structure of URu2 Si2 , the basic form of the gap function with
the correct periodicity in the momentum space is given by
µ
¶
kz
kx + ky
kx − ky
a + i sin
a .
∆ = ∆0 sin c sin
2
2
2

(4.6)

The gap function possesses line nodes at the center and at the boundary of the Brillouin
zone (kz = 0, ±2π/c), which indicates the nearest neighbor interlayer pairing without
any pairing amplitude within the basal plane. Point nodes along the symmetry axis
(kx = ky = 0) are required by the twofold in-plane degeneracy.
Although the detailed Fermi surface topology has not been fully determined, we suggest
a schematic form of the Fermi surface pockets and gap structure based on the present
results. This is shown in Fig. 4.36 (a) in the Brillouin zone of the body centered tetragonal
structure. If we accept the consistency of the dHvA experiments and the band structure
calculation in the paramagnetic phase [86], the spherical light hole pockets locate at the
Z point, the crossing point of the symmetry axis and zone boundary. The horizontal line
nodes lie on the hole band, which is consistent with the experimental observations, while
the point nodes also locate along the c-axis. In avoiding an electron pocket centered at
the Γ point, the line node for kz = 0 does not play any role. Then, the elliptical heavy
electron pockets have point nodes, and not line nodes along the c-axis.
The suggested gap function may give rise to interesting superconducting phenomena due
to the time reversal symmetry breaking. For example, spontaneous static magnetic fields
arising from the orbital current around the impurity or at the surface can appear below
Tc because the impurity or boundary lifts the degeneracy. The transition temperature
can also split due to the degeneracy being lifted by the external perturbations such as
uniaxial stress or magnetic field. Although such phenomena have not been confirmed in
previous studies using dirtier crystals, the measurements using an extremely clean single
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crystal would clarify these issues.

4.6.2

Pairing interaction

Finally, we discuss the pairing interaction inferred from the suggested gap structure.
The schematic pressure versus temperature phase diagram of URu2 Si2 adopted from
Ref. [74] is shown in Fig. 4.36(b). At the first stage, one would consider a direct coupling
between the hidden order and superconductivity, although the order parameter of hidden
order phase is unclear. However, as mentioned in Sec. 4.2.2, it may be difficult due to the
strong differences in the energy scale of both phases.
Recently, at ambient pressure, strongly overdamped spin wave excitations (collective
mode) having an itinerant character with an incommensurate wave vector Q= (1 ±
0.4, 0, 0) and gaps at ' 4 meV at 1.5 K have been discovered. The authors claimed
that the gapping of the incommensurate spin wave excitations can explain the entropy
reduction in the hidden order transition [100]. One argues that the collective mode may
act as “glue” responsible for superconductivity [101], as suggested in UPd2 Al3 [102]. In
UPd2 Al3 , another inelastic spin wave excitation in the vicinity of the antiferromagnetic
wave vector with an energy of the same order as the superconducting gap has been found
and it has been suggested as evidence for the sign inversion of the order parameter [102].
However, neutron scattering measurements below Tc0 have not been reported in URu2 Si2
so far.
Considering the magnetic fluctuations of the spin structure in the antiferromagnetic
phase neighboring the superconducting phase under pressure, shown in Figure 4.36(b),
it would naturally give rise to the suggested gap function. An interlayer singlet pairing
is induced by an antiferromagnetic correlation between the U-atoms in the neighboring
basal planes. A ferromagnetic correlation within the basal plane suppresses the in-plane
singlet paring, giving rise to an in-plane degeneracy of the gap functions.
Although the pairing interaction, as well as the order parameter of the hidden order,
remains unidentified, the determined gap function may become a “bridge” for elucidating
the relationship between superconductivity, the hidden order, and antiferromagnetism.
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Figure 4.36: (a) The schematic figure of the Fermi surface (opaque) and superconducting
gap structure (transparent) inferred from the present experiments. The Fermi surfaces
of the spherical light hole pockets locate at the Z point. The other Fermi surfaces are
the elliptical heavy electron pockets. The Brillouin zone of the body centered tetragonal
structure is shown by the outer polygon. (b) The schematic temperature versus pressure
phase diagram adopted from Ref. [74]. PM, HO, AF, and SC represent the paramagnetic, hidden order, antiferromagnetic, and superconducting phases, respectively. The
spin structure in the antiferromagnetic phase is shown in the figure.
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4.7

Summary

In summary, we performed charge and thermal transport measurements using ultraclean single crystals of URu2 Si2 , in which unconventional superconductivity coexists with
the hidden order phase.
Charge transport measurements revealed that the hidden order induces a peculiar electronic structure, which is a semimetallic low carrier density state with compensation
between heavy electrons and light holes. This unique electronic structure provides an
intriguing stage for peculiar superconducting properties in this material, including multiband superconductivity and enhanced entropy flow state within the superconducting state.
The field and angular dependence of the thermal conductivity provides strong evidence
for an unusual superconducting gap structure in URu2 Si2 , that is, two distinct gaps with
different nodal topology. Line nodes locate perpendicular to the c-axis in the spherical
light hole band and point nodes along the c-axis in the elliptical heavy electron band.
Based on these results, we conclude that the superconducting paring function of URu2 Si2
is most likely to be a “chiral” d-wave symmetry with a form kˆz (kˆx + ikˆy ). This intriguing
superconducting state in URu2 Si2 adds a unique example to the list of unconventional
superconductors and may become a bridge for elucidating the relationship between superconductivity, hidden order, and antiferromagnetism.
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5 Pairing symmetry of CeIrIn5 remote
from antiferromagnetic quantum
critical point
5.1

Abstract

Quasi-two dimensional heavy-Fermion CeIrIn5 involves two distinct superconducting
domes in its phase diagram. One dome appears by the Rh substitution of Ir, which drives
the system in the vicinity of the antiferromagnetic phase, and another dome appears as a
function of pressure. CeIrIn5 locates in the second dome away from the antiferromagnetic
quantum critical point. In the analogy to CeCu2 Si2 , two distinct superconducting domes
with different symmetries have been invoked. Here, we determined the superconducting
gap structure of CeIrIn5 by thermal transport measurements in magnetic fields rotated
relative to the crystal axes. Clear oscillations with minima at [110] and [11̄0] directions
are observed as rotating magnetic fields within the basal ab-plane, while no oscillation is
observed within the bc-plane. In sharp contrast to the previous reports that suggested
Eg symmetry with a horizontal line node within the basal ab-plane, our results are most
consistent with the dx2 −y2 symmetry with vertical line nodes along the c-axis. These
results imply that the two superconducting domes have the same gap symmetry that
appears to be mediated by antiferromagnetic spin fluctuations.
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5.2
5.2.1

Introduction
Superconductivity near a quantum critical point

Superconductivity in heavy-Fermion compounds continues to be a central focus of investigations into strongly correlated electron systems. The relationship between the magnetism and unconventional superconductivity, whereby the gap function ∆(k) has nodes
on the Fermi surface where ∆(k) = 0, is a particularly important theme of research [11].
Many analyses have focused on the scenario of superconductivity mediated by low-energy
magnetic fluctuations, which is enhanced in proximity to a quantum critical point (QCP),
where the magnetic ordering temperature is driven to zero by an external parameter such
as pressure or chemical substitution. Indeed, unconventional superconductivity appears
in the vicinity of an antiferromagnetic QCP in most Ce-based heavy-Fermion compounds,
including CeIn3 , CePd2 Si2 [103], CeCoIn5 [104], and CeRhIn5 [105], as well as organic and
high-Tc superconductors. Figure 5.1 displays the pressure-temperature phase diagram of
CeIn3 , and a similar phase diagram has been observed in CePd2 Si2 and CeRh2 Si2 . The
superconducting phase emerges near the critical pressure Pc , where the antiferromagnetic
ordering temperature (Néel temperature) TN decreases to zero. The superconducting transition temperature Tc exhibits a maximum at Pc and decreases as the pressure is distant

Figure 5.1: Pressure-temperature phase diagram for CeIn3 . Superconductivity emerges
in a narrow window in the vicinity of Pc , where the Néel temperature TN driven to zero
[103].
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from Pc , forming a single superconducting dome around the antiferromagnetic QCP.
On the other hand, several Ce-based heavy-Fermion superconductors exhibit a slightly
different feature from the phase diagram shown Figure 5.1; the maximum of Tc is not
suited exactly at the QCP and is located at a slightly higher pressure P > Pc . The
superconducting phase appears over a much broader pressure range, extending far away
from the QCP. Such a phase diagram has been found in the archetypal heavy-Fermion
superconductor CeCu2 Si2 , CeRhIn5 , and so on. Since the superconducting gap symmetry
as well as the magnetic property in the ordering phase is not fully understood, the microscopic origin of superconductivity and the relationship between the superconductivity
and magnetism remain unclear.

5.2.2

Quasi-two dimensional heavy-Fermion CeM In5 (M = Co,
Rh, Ir)

Over the past five years, the series of heavy-Fermion compounds CeM In5 (M = Co, Rh,
Ir), so-called Ce115, have attracted considerable attention in strongly correlated electron
systems. These compounds possess the same crystal structure, HoCoGa5 structure with
1
a simple tetragonal symmetry (P 4/mmm, D4h
) comprising of the alternative stacking

of CeIn3 and M In2 layers along the c-axis (Fig. 7.2). The lattice constants and crystal
properties are summarized in Table 5.1. Figure 5.3 shows the schematic P − T phase
diagram for CeM In5 . At ambient pressure, Co and Ir compounds exhibit superconductivity at Tc = 2.3 K and 0.4 K, respectively. The electronic specific heat coefficient at
Tc , γ ≡ C/T (T = Tc ), of CeCoIn5 and CeIrIn5 are found to be ' 350 mJ/mol K2 and
700 mJ/mol K2 , which are one order of magnitude larger than that of conventional metals,
with a sufficient jump in specific heat at Tc , indicating that quasiparticles with renormalized heavy mass are responsible for superconductivity. Contrastingly, CeRhIn5 exhibits
antiferromagnetic ordering at TN = 3.8 K at ambient pressure. On the other hand, with
increasing pressure, superconductivity evolves at ' 2 GPa, where the antiferromagnetic
phase is completely suppressed, with Tc = 2.2 K. Apart from pressure, the ground state
can be easily tuned experimentally using a magnetic field or doping. Moreover, the superconductivity as well as the magnetism is moderately robust to a disorder introduced
along with doping. These allow systematic studies of the superconductivity and magnetism, especially for investigating the superconducting phase near the antiferromagnetic
QCP.
Moreover, there found to be the deviation from the conventional Fermi liquid behavior,
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the so-called non-Fermi liquid behavior, in the normal state thermodynamic and transport
properties of CeM In5 , presumably resulting from antiferromagnetic spin fluctuation enhanced around the QCP. However, the non-Fermi liquid state crosses overs to the Fermi
liquid state as applying pressure. The pressure region, where the non-Fermi liquid to
Fermi liquid crossover is found, becames narrower as M = Rh, Co, and Ir, suggesting
that CeIrIn5 is located far from the antiferromagnetic QCP.
According to the band structure calculation, M In2 layers are less conductive than CeIn3
layers [106]. Therefore, reflecting the crystal structure, the electronic structure of CeM In5
become a quasi-two dimensional electronic structure with cylindrical Fermi surface. In
Fig. 5.4, the Fermi surface sheet calculated for CeCoIn5 is shown. The Fermi surface of
CeIrIn5 is almost identical to that of CeCoIn5 . The de Haas van Alphen measurements
under high pressure have revealed that the Fermi surface of CeRhIn5 in high pressure
region where the superconductivity appears also has a similar electronic structure [107].
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CeIn3

M
In

MIn2

[001]

[100]

[010]

Figure 5.2: Crystal structure of CeM In5 .

Table 5.1: Lattice constants for CeM In5 (M = Co, Rh, Ir). The a-axis is elongated and
the c-axis is shortened as the atomic radius of M increases.
M a (Å) c (Å)
Co 4.613 7.551
Rh 4.656 7.542
Ir 4.674 7.501

z ln 2
c/a
0.3094 1.637
0.3052 1.620
0.3052 1.605
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Figure 5.3: Schematic P − T phase diagrams of CeM In5 . AFM and SC represent an
antiferromagnetic metal and superconducting phase, respectively. FL and NFL indicates
a Fermi liquid and a non-Fermi liquid state [108].

Figure 5.4: Fermi surface of CeM In5 (calculated for CeCoIn5 ) [107].
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5.2.3

Two distinct heavy-Fermion superconducting domes in
CeIrIn5

Notable counter examples against superconductors near the antiferromagnetic QCP
have been recently reported in two Ce compounds in which two distinct domes of different heavy-Fermion superconducting phases appear as a function of pressure or due to
chemical substitution. The first example is the prototypical CeCu2 Si2 . Pure CeCu2 Si2 is
a superconductor without a magnetic order at ambient pressure and it is considered to be
located on the verge of the antiferromagnetic phase. The isostructural sister compound
CeCu2 Ge2 is an antiferromagnetic metal (AFM) at ambient pressure. The Ge substitution for Si widens the lattice, acting as a negative chemical pressure for CeCu2 Si2 , and it
moves CeCu2 Si2 to the AFM side. Therefore, the study of CeCu2 (Si1−x Gex )2 under pressure provides the opportunity to plot the phase diagram of CeCu2 Si2 from the AFM phase.
Figure 5.5 shows the P − T phase diagram of CeCu2 (Si1−x Gex )2 . In CeCu2 (Si1−x Gex )2 ,
the ground state continuously evolves from AFM to the superconducting (SC) phase. One
SC dome emerges at low pressure around the antiferromagnetic QCP (∆p ∼ 0 in Fig. 5.5).
Another dome appears at high pressure distant from the QCP, immediately after the lowpressure SC phase is suppressed [109]. The superconductivity in the low-pressure dome
is consistent with the magnetically mediated pairing. On the other hand, Cooper paring
resulting from a mechanism other than magnetically mediated paring was proposed for
the high-pressure SC phase, where no discernible antiferromagnetic fluctuations are found
[109, 110].
Figure 5.6 shows the schematic phase diagram proposed for Ce-based narrow-band
metal, including CeCu2 Si2 and its related systems. The low-pressure part of the phase
diagram corresponds to that usually expected in the scenario of the antiferromagnetic
QCP, denoted as pc1 in Fig. 5.6, where the antiferromagnetic spin fluctuation is strongly
enhanced, leading a magnetically mediated pairing state. By applying further pressure,
the antiferromagnetic correlation is dramatically suppressed due to the hybridization between the localized and extended orbitals of the 4f -electrons of Ce, eventually leading the
system to a less correlated, metallic state (intermediate valence region). The transition
from the heavy-Fermion to the intermediate valence state may proceed through a firstorder phase transition that involves a collapse of the unit cell volume without change in
the lattice symmetry (dashed line in Fig. 5.6). Around pc2 , where the first-order transition temperature is driven to zero, Cooper pairing resulting from the critical Ce-valence
fluctuations has been proposed [109, 110].
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Figure 5.5: Phase diagram for CeCu2 (Si1−x Gex )2 as a function of relative pressure ∆p =
p − pc1 (x) (pc1 = 0.4, 1.5, 2.4, and 11.5 for x = 0, 0.1, 0.25, and 1, respectively). The
open symbols represent TN for x = 0.1 and 0.25. The solid symbols represent Tc for
x = 0.1. The solid line denotes Tc for pure CeCu2 Ge2 , and the dashed and dash-dotted
lines indicates Tc for pure CeCu2 Si2 [109].

Figure 5.6: Schematic phase diagram of Ce-based narrow-band metal [109].
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The second counter example against superconductors in the vicinity of the antiferromagnetic QCP is quasi-two dimensional CeIrIn5 [111]. The phase diagram of CeIrIn5 is
shown in Fig. 5.7 [112, 113]. As shown in Fig. 5.8, in CeRh1−x Irx In5 , the c/a ratio, the
ratio of the lattice constants along the c- and a-axes, varies linearly with the Ir concentration x and pressure P , and decreases with increasing x and P [114, 115]. Therefore,
Rh substitution for Ir can be considered as a negative chemical pressure that increases
the antiferromagnetic correlations. In this system, the ground state continuously evolves
from AFM (x < 0.5) to superconductivity (x > 0.5). Tc exhibits a maximum at x ∼ 0.7
and a minimum at x ∼ 0.9, forming the first dome (SC1). In pure CeIrIn5 (x = 1), Tc
increases with pressure and exhibits a maximum (Tc = 1 K) at P ∼ 3 GPa, forming the
second dome (SC2).
Figure 5.9 shows the pressure evolution of the T − x phase diagram of CeRh1−x Irx In5 .
Remarkably, with increasing pressure, the superconductivity vanishes at x ' 0.8, splitting
the superconducting phase into two distinct phases and separating CeIrIn5 further from
the antiferromagnetic phase. Moreover, for low Ir concentrations, superconducting phase
evolves deep within the antiferromagnetic phase rather than that at ambient pressure.
These results suggest the presence of two distinct heavy-Fermion superconducting phases
in this system.
With regard to the magnetic properties inherent in CeRh1−x Irx In5 , the measurements
of nuclear quadrupole resonance (NQR) have revealed that the strong antiferromagnetic
fluctuations with a three-dimensional character are dramatically enhanced in the vicinity
of the antiferromagnetic QCP in SC1. On the other hand, the antiferromagnetic fluctuations change this character to an anisotropic (quasi-two dimensional) one around pure
CeIrIn5 . Moreover, the antiferromagnetic fluctuations are strongly suppressed with increasing pressure in SC2 as the system becomes distant from the antiferromagnetic QCP
(see Fig. 5.7) [113, 116, 117].
Moreover, it was suggested that the nature of the antiferromagnetic fluctuations in
magnetic fields in CeIrIn5 is very different from that in CeCoIn5 and antiferromagnet
CeRhIn5 [118–120]. In CeRhIn5 and CeCoIn5 , the Fermi liquid state without magnetic
ordering appears at a high magnetic field instead of the non-Fermi liquid state with
superconducting or magnetic phases at zero magnetic field. In contrast to the above
materials, the Fermi liquid state appears even at zero magnetic field, and a magnetic
phase is induced by the magnetic field in CeIrIn5 . Therefore, the superconductivity as
well as the nature of the ground state in CeIrIn5 at ambient pressure may be distinct from
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Figure 5.7: Phase diagram for CeIrIn5 as a function of x and P [113].
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Figure 5.8: c/a as a function of x and P , from Refs. [114] and [115].

that in CeCoIn5 and CeRhIn5 , although all three compounds share a similar quasi-two
dimensional band structure [106].
Based on these results, along with the analogy with CeCu2 Si2 , CeIrIn5 in SC2 was
suggested to be a strong candidate for a Ce-valence fluctuation mediated superconductor
[110].
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Figure 5.9: T − x phase diagrams for CeRh1−x Irx In5 at P = 0, 1, and 1.75 GPa. [112].

5.2.4

Superconducting gap symmetry of CeIrIn5

A major outstanding question for CeIrIn5 is the nature of the microscopic pairing interaction responsible for its superconductivity. In order to elucidate the pairing interaction,
the identification of the superconducting gap structure is of primary importance. The
measurements of the nuclear quadrupole resonance relaxation rate [116, 117], thermal
conductivity [121, 122], and heat capacity [121] have revealed that the superconductivity
of CeIrIn5 is unconventional with line nodes in the superconducting gap, mainly based on
the power law temperature dependence of these quantities.
Very recently, from the measurements of the anisotropy between the interplane and
intraplane thermal conductivity, κa and κc , respectively, the gap function of CeIrIn5 was
suggested to be of a hybrid type, kˆz (kˆx + ikˆy ) with Eg symmetry [122], as proposed in
UPt3 [123]. Fig. 5.10(a) shows the temperature dependence of the anisotropy of thermal
conductivity, κc /κa , for CeIrIn5 in the superconducting and the normal states. In the
normal state, κc /κa is almost independent of the temperature, reflecting the same temperature dependence of the normal state scattering rate. In the superconducting state,
κc /κa is governed by a qualitative a-c anisotropy in the average velocity of thermally
excited nodal quasiparticles and hence it directly reflects the nodal topology of the superconducting gap. At low temperatures in the superconducting state, κc /κa decreases
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with decreasing temperatures and approximately goes to zero as T → 0 K. These results
indicate that quasiparticle states responsible for the c-axis conduction (or quasiparticle
states with Fermi velocity having a component parallel to the c-axis) in the normal state
appear to be much more strongly gapped than the a-axis conduction.
The inset of Fig. 5.10 shows the calculated anisotropy for the typical superconducting
gap structure in the tetragonal symmetry, dx2 −y2 gap, with vertical line nodes running
along the c-axis (Fig. 5.10(b)) and hybrid gap with a horizontal line node in the basal
ab-plane and two point nodes along the c-axis. The decrease in κc /κa is consistent with
calculated κc /κa for the hybrid-type gap structure, because the quasiparticle state along
the c-axis is restricted at the poles of the Fermi surface (kx = ky = 0); in contrast, κc /κa is
identical to the normal state in the dx2 −y2 state. Based on these results, the gap function
of CeIrIn5 was suggested to be of a hybrid type, kˆz (kˆx + ikˆy ), or Eg symmetry. This is in
sharp contrast to CeCoIn5 (and most likely CeRhIn5 under pressure) in which the dx2 −y2
of B1g symmetry is considered to be realized [25, 44].
However, it was pointed out by Vekhter and Vorontsov in Ref. [124] that the anisotropy
of thermal conductivity alone is not sufficient to establish the hybrid gap. In their calculation, the effect of the shape of the Fermi surface was investigated. Figure 5.11 shows the
calculated values of κc /κa for several models. The coincidence of κc /κa for Models C and
D is observed, assuming distinct gap structures with different Fermi surfaces. In Model
C, a d-wave gap with vertical line nodes and a quasi-two dimensional cylindrical Fermi
surface with c-axis hopping that depends on the direction of the in-plane (Fig. 5.11(b))
is assumed, in contrast with the hybrid gap with horizontal line nodes and the Fermi
surface corrugated along the c-axis (Fig. 5.11(b)) in Model D. It should be emphasized
that a strong similarity is found in the Fermi surface in Model C and that suggested
for CeIrIn5 [106]. Therefore, further experiments aimed at clarifying the shape of the
superconducting gap are strongly required.
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Figure 5.10: (a) Temperature dependence of κc /κa in CeIrIn5 in the normal state (open
circles) and in the superconducting state (solid circles). Inset: Calculated κc /κa for the
d-wave and hybrid gap assuming a spherical Fermi surface. Typical gap structures in the
tetragonal symmetry, (b) dx2 −y2 gap on a cylindrical Fermi surface, and (c) hybrid gap
on a spherical Fermi surface [122].

Figure 5.11: (a) Comparison of the temperature dependence of the calculated κc /κa .
Note the coincidence of the results for Model C with vertical line nodes along the c axis
and the Model D with a hybrid gap with horizontal line nodes within the basal ab-plane
[124]. Fermi surfaces (b) for Model C and (c) Model D.
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5.2.5

Purpose of this study

In order to clarify the pairing mechanism of CeIrIn5 and to resolve the relationship
between superconductivity and magnetism in the Ce115 system, we perform thermal
transport measurements in magnetic fields H rotated relative to the crystal axes, which
has proven to be a powerful probe for examining the superconducting gap structure of
CeIrIn5 .
In the following section, we briefly present the experimental details. The results of the
thermal transport measurements are described in Sec. 5.4. We find clear oscillations of
thermal conductivity in a rotating magnetic field, providing strong constraints for the
superconducting gap symmetry. We will discuss possible superconducting gap structure
in Sec. 5.4.3. Our results may help in clarifying the pairing mechanism in CeIrIn5 , which
will be discussed in Sec. 5.4.4. We will summarize and conclude the study on CeIrIn5 in
Sec. 5.5.

89

5.3

Experimental

Single crystals of CeIrIn5 were provided by Dr. Hiroaki Shishido at Kyoto University,
and Prof. Rikio Settai and Prof. Yoshichika Onuki at Osaka University. The single crystals
were grown by the self-flux method. Figure 5.12 shows the temperature dependence
of the resistivity ρ along the a-axis, ρ(T ), in the crystals used here. In a zero field,
a resistivity drop associated with the superconducting transition is found at 0.8-1 K.
However, it has been known that the transition temperature determined by ρ does not
coincide with that determined by the other bulk measurements such as specific heat. The
bulk transition temperature is known to be 0.4 K, which is confirmed by the thermal
conductivity measurements. The upper critical fields parallel to the basal ab-plane and
ab
c
the c-axis, Hc2
and Hc2
, are 1.0 T and 0.5 T at T = 0 K, respectively. In the normal

state, ρ(T ) can be fitted by ρ(T ) = ρ0 + AT n with an exponent n = 1.35 instead of the
well-known T 2 -dependence expected in the Fermi liquid theory.
We measured the thermal conductivity κ along the tetragonal a-axis (heat current q is
injected along the a-axis) by a steady-state method. The sample had a rectangular shape
with dimensions of 2.8 × 0.45 × 0.10 mm3 . The contacts were made by the spot-welding
technique, resulting in a low contact resistance less than 10 mΩ. To apply H with high
accuracy, we used the system developed in this study using a dilution refrigerator.

2.5

ρ (µΩcm)
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1.5
1.0
0.5
0.0
0.0

0T
2 T (H || c)

0.5

1.0

1.5
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T (K)
Figure 5.12: Temperature dependence of resistivity ρ(T ) in a zero field and in the normal
c
(H = 2 T). The solid line indicates a power low fit ρ(T ) = ρ0 + AT n with
state above Hc2
ρ0 = 0.39 µΩ cm, A = 0.66 µΩ cm/Kn , and n = 1.35.
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5.4
5.4.1

Results and Discussion
Temperature dependence of thermal conductivity

Figures 5.13(a) and (b) show the temperature dependence of thermal conductivity dic
vided by temperature, κ/T (T ), in a zero field and in the normal state above Hc2
, plotted

as a function of T and T 2 , respectively. The overall behavior of κ/T (T ) is similar to that
reported in Refs. [121] and [122]. In a zero field, κ/T decreases with temperature after exhibiting a broad maximum at Tc . This result contrasts with that of the other compounds
measured in this study, namely, URu2 Si2 , KOs2 O6 , and CeCoIn5 , in which κ/T exhibit
an enhancement in the superconducting state. However, a result similar to CeIrIn5 has
been observed in UPt3 [125] and CePt3 Si [37]. The absence of an enhancement of κ/T
may indicate that the characteristic energy scale of the scattering mechanism responsible
for inelastic electron scattering is lower than the superconducting gap.
The value of κ/T at Tc is nearly 30 % smaller than that reported in Ref. [122] and
nearly three times larger than that reported in Ref. [121]. The dashed line indicates κ/T
¢2
2 ¡
obtained from the Wiedemann-Franz law, κ/T (T ) = L0 /ρ(T ), where L0 = π3 keB =
2.44 × 10−8 WΩ/K2 is the Sommerfeld value and ρ(T ) is the measured normal state
resistivity shown in the previous section. The observed κ/T (T ) in the normal state is
close to the estimated one, L0 /ρ(0), indicating that the heat transport is dominated by
the electronic contribution.
We first discuss the thermal conductivity in a zero field. As shown in Fig. 5.13, κ/T
at low temperature is well fitted by κ/T = κ00 /T + AT 2 . A finite residual term as
T → 0 K, κ/T (T → 0 K) ≡ κ00 /T , is clearly resolved. As described in Sec. 1.4.1, the
presence of a finite κ00 /T indicates the existence of a residual normal fluid, which is
expected for nodal superconductors in the presence of impurities. For a superconductor
with line nodes in the superconducting gap, the magnitude of κ00 /T is independent of
the impurity concentration even for dilute non-magnetic impurities. The present value of
κ00 /T ' 2.2 W/K2 m is close to that reported in Ref. [122], 2.0 W/K2 m. The authors in
Ref. [122] estimated the magnitude of κ00 /T from
κ00
1
~α
= γN vF2
,
T
3
2µ∆0
where γN =

2π 2
N0 kB2
3

(5.1)

is the normal state specific heat with the normal state density of

states N0 , vF is the averaged in-plane Fermi velocity, ∆0 is the gap maximum, µ is the
slope of the gap at the node, and α is a constant of order unity whose value depends on the
particular gap structure. It should be noted that α in eq. (5.1) is a factor of 3/2 larger than
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Figure 5.13: Temperature dependence of κ/T in a zero field (solid circles) and above
c
Hc2
(H = 2 T) (open circles) plotted (a) as a function of T and (b) as a function of T 2 .
The solid line represents κ/T = κ00 /T + AT 2 . The dashed line shows κ/T in the normal
state obtained from the resistivity using the Wiedemann-Franz law.

that in eq. (1.18) shown in Sec. 1.4.1. Assuming a hybrid gap with Eg (1, i) symmetry
in the tetragonal symmetry with µ = 2 and α =

3
,
2

and using γN = 7300 J/K2 m3 ,

vF = 2 × 104 m/s, and ∆0 = 2.5kB Tc , eq. (5.1) yields 2.8 W/K2 m, which is close to the
observed values [122]. Thus, our thermal conductivity results are also consistent with the
presence of line nodes in the superconducting gap function.
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5.4.2

Thermal conductivity in rotated magnetic fields

Having established the presence of line nodes in the superconducting gap, the next
important question is the position of these line nodes. As explained in Sec. 1.4.2, thermal
conductivity is a powerful and directional probe of the nodal structure. Recent measurements of both κ and the heat capacity with H applied at varying orientations relative
to the crystal axes have established the superconducting gap structure in the k-space in
several systems. In contrast to fully gapped superconductors, the heat transport in nodal
superconductors is dominated by delocalized near-nodal quasiparticles. The applied field
creates a circulating supercurrent flow vs (r) associated with the vortices. The Doppler
shift of the energy of a quasiparticle with momentum p, E(p) → E(p) − vs · p, becomes
important when the Doppler shift energy overcomes the local energy gap near the nodes
∆(k), ∆(k) < |vs · p|. Consequently, the density of states depends sensitively on the
angle between H and the nodal directions.
In this study, we rotate H within the basal ab-plane and the bc-plane of the tetragonal
crystal structure. In the former configurations, the angle between q and H varies with
rotating H (since q k a), giving rise to twofold oscillations of thermal conductivity due to
the difference of the effective density of states between quasiparticles traveling parallel to
the vortices and these moving perpendicular to the vortices, as mentioned in Sec. 1.5. In
the rotation within the bc-plane, since H is kept orthogonal to the heat current, H ⊥ q,
we avoid from the twofold oscillations.
In CeIrIn5 with a tetragonal symmetry and singlet pairing state, two types of topologies
are possible for line node: vertical line nodes running along the c-axis, and a horizontal

(a) dx2-y2 or dxy

(b)

Eg (1,i)

c

c
H

a

b

a

b

H

Figure 5.14: Schematic figure of the gap structure suggested for CeIrIn5 , (a) B1g (dx2 −y2 )
or B2g (dxy ) state with vertical line nodes along the c-axis and (b) Eg (1, i) state with a
horizontal line node in the ab-plane and point nodes along the c-axis. Configurations of
the rotation measurements are also shown. The thick lines and circles indicate the line
and point nodes, respectively. Here, we assume a spherical Fermi surface for simplicity.
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line node within the basal ab-plane. Figure 5.14 illustrates the suggested gap structure
and experimental configuration of the rotation measurements. Vertical line nodes are
possible in the two d-wave states, dx2 −y2 in B1g symmetry and dxy in B2g symmetry. In
a rotating H within the basal ab-plane, a fourfold modulation of thermal conductivity is
expected, as explained in Sec. 5.14. Horizontal line nodes can be realized in the Eg (1, i)
state, which has point nodes along the c-axis along with horizontal line nodes at least
in three dimensions (see Fig. 5.10 (a) and (b)). As for horizontal line nodes, there are
no oscillations in the thermal conductivity with rotating H within the ab-plane since the
relative angle between H and the nodal directions does not change with rotating H. We
would observe some oscillations when H is rotated in the bc-plane.
Figures 5.15(a) and (b) show the angular variation of the thermal conductivity at 0.2 K
c
(kB T /∆0 ∼ 0.2) as H is rotated within the bc-plane at |H| = 0.05 T (H/Hc2
(T ) ' 0.14)
ab
and within the two-dimensional ab-plane at |H| = 0.1 T (H/Hc2
(T ) ' 0.14), respectively.

Here, θ =(H,c) and φ =(H,a) are the polar and azimuthal angles, respectively. For the
field rotated within the ab-plane (θ = 90◦ ), κ(φ) exhibits a distinct oscillation as a function
of φ, which is characterized by peaks at φ = 0◦ and ±90◦ and minima at around ±45◦ . As
shown by the solid line, κ(φ) can be decomposed into three terms, κ(φ) = κ0 + κ2φ + κ4φ ,
where κ2φ = C2φ cos 2φ and κ4φ = C4φ cos 4φ have twofold and fourfold symmetries with
respect to φ, respectively. We note that, as shown by the dashed line, κ(φ) with minima
at ±45◦ and peaks at ±90◦ cannot be fitted only by κ2φ -term, indicating the presence of
the fourfold term. Although we assumed a simple sinusoidal form, the minima at φ ± 45◦
cannot be explained by any functional form with twofold symmetry. In sharp contrast
to H rotating within the ab-plane, no oscillation is observed when H rotates within the
bc-plane; the amplitude of the oscillation is less than 0.2 % of κn , if at all it exists, where
κn is the normal state thermal conductivity measured above Hc2 . The κ2φ term arises
from the difference between transport parallel and perpendicular to the vortices. Since
the field is always normal to q for H within the bc-plane, the κ2φ term is absent for this
geometry.
We address the origin of the fourfold oscillation. Figures 5.16(a)-(h) show κ4φ normalized by κn after the subtraction of κ0 and κ2φ from the total angular dependence κ(φ). We
first discuss the field evolution of κ4φ at 0.2 K in the normal state (Fig. 5.16(a)) and beab
low Hc2
(T ) ' 0.7 T (Fig. 5.16(b)-(d)). In the normal state (Fig. 5.16(a)), no discernible

oscillation is observed, and the amplitude is less than 0.2 %. At 0.69 T, immediately
ab
below Hc2
(T ), the κ4φ exhibits a minimum at φ = 0◦ (C4φ < 0). At H = 0.5 T, κ4φ
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Figure 5.15: Angular variation of the thermal conductivity, ∆κ ≡ κ − κ0 , at T = 0.2 K
with rotating H (a) within the bc-plane as a function of polar angle θ (|H| = 0.05 T) and
(b) within the 2D ab-plane as a function of azimuthal angle φ (|H| = 0.10 T). Here, κ0
is the angular average of κ. The thermal current q is applied parallel to the a-axis. The
dashed line shows the twofold variation with simple sinusoidal form (∼ cos 2φ). The solid
line is the fit by κ(φ) = κ0 + C2φ cos 2φ + C4φ cos 4φ, where κ0 , C2φ , and C4φ are constants.

oscillation vanishes. A further decrease in magnetic field leads to the appearance of a
distinct κ4φ oscillation that exhibits a maximum at φ = 0◦ (C4φ > 0) at H = 0.1 and
0.25 T. At a constant magnetic field of 0.25 T, κ4φ appears in the superconducting state
and grows with decreasing temperature, but there are no oscillations in the normal state
at temperatures above Tc . Figures 5.18(a) and (b) shows the H- and T -dependence of
C4φ /κn . There are two possible origins for the fourfold oscillation: (i) the nodal structure
ab
and (ii) in-plane anisotropy of the Fermi surface and Hc2
. In order to determine the inab
ab
(φ), we performed resistivity measurements. Figure 5.17(a)
, Hc2
plane anisotropy of Hc2
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Figure 5.16: (a)-(h) The fourfold component κ4φ normalized by κn , κ4φ /κn , plotted as
a function of φ = (H, a) with H rotated in the basal ab-plane. (a)-(d) Field evolution
of κ4φ /κn at T = 0.2 K at |H| = 0.69, 0.5, 0.25, and 0.1 T, respectively. The upper
ab
' 0.7 T at this temperature. (e)-(h) Temperature evolution of κ4φ /κn
critical field is Hc2
at |H| = 0.25 T at T = 0.5, 0.26, 0.2, and 0.17 K, respectively. The solid lines represent
the fit by C4φ cos 4φ.
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shows the field dependence of resistivity ρ with varying φ at the same temperature as the
rotation measurements of κ. We defined Hc2 as the extrapolated field from the high-field
part of ρ, as shown by the dashed line in Fig. 5.17(a). Fig. 5.17(b) shows the obtained
ab
ab
ab
Hc2
(φ). Hc2
(φ = 90◦ ) clearly exceeds Hc2
(φ = 45◦ ); therefore, Hc2 k (100) > Hc2 k (110),
ab
(φ) of CeCoIn5 having a similar electronic structure. Although
which coincides with Hc2
ab
it is known that ρ does not probe the bulk superconductivity of CeIrIn5 , Hc2
(φ) would

give same sign as that determined by the other measurements such as specific heat since
ab
c
ab
Hc2
/Hc2
determined by ρ and specific heat is identical. This in-plane anisotropy of Hc2

gives rise to the in-plane anisotropy of κ as κ(H k (100)) < κ(H k (110)), and hence
C4φ < 0, which is consistent with the experimental observation. Contrastingly, C4φ at low
fields exhibits an opposite sign (C4φ > 0). These results immediately indicate that the
origin of the fourfold symmetry at low fields is not the anisotropy of the Fermi surface
ab
or Hc2
. According to Ref. [126], the amplitude of the fourfold symmetry in the d-wave

superconductors arising from the oscillation of the Doppler shifted density of states is
roughly estimated as
vF vF0 eH
C4φ
= 0.082
ln
κn
3πΓ∆0

Ãr

32∆0
π~Γ

!
,

(5.2)

where Γ is the quasiparticle relaxation rate, and vF and vF0 are the in-plane and out-ofplane Fermi velocities, respectively. Using Γ ∼ 1.3 × 1011 s−1 ,

2∆0
kB Tc

∼ 5, vF ∼ 1 × 104 m/s,

and vF0 ∼ 5 × 103 m/s [44, 116], eq. (5.2) yields C4φ /κn ∼ 2 %, which is of the same order
as the data. These results lead us to conclude that the fourfold symmetry at low fields
originates from the nodal structure.
The distinct fourfold oscillation within the ab-plane, along with the absence of the
oscillation within the bc-plane, definitely indicates vertical line nodes perpendicular to
the ab-plane, and excludes horizontal line nodes at least in the dominant heavy electron
bands. Recall that in UPd2 Al3 with horizontal line nodes, clear oscillations of κ(θ) are
observed when H rotates within the ac-plane [49]. One could argue that the absence
of oscillations within the bc-plane shown in Fig. 5.16(a) is due to the relatively high
temperature (kB T /∆0 ∼ 0.2), but the simultaneous observation of the fourfold oscillation
within the ab-plane at the same temperature rules out such a possibility.
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Figure 5.17: (a) ρ at T = 0.2 K as a function of H within the basal plane at φ = 30◦ , 45◦ ,
and 90◦ . (b) In-plane anisotropy of the upper critical field determined from the resistivity
ab
measurements. Solid line represents a fit by Hc2
(φ) ∼ cos 4φ.
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5.4.3

Superconducting gap structure of CeIrIn5

Thus, the superconducting symmetry of CeIrIn5 is narrowed down to either dx2 −y2 or
dxy . Further identification relies on the evolution of the oscillations with temperature
and the magnetic field. In the low-T and low-H limits, the Doppler shifted density of
states exhibits a maximum (minimum) when H is along the antinodal (nodal) directions.
However, according to recent microscopic calculations using the quasiclassical BrandtPesch-Tewordt approximation, the fourfold pattern is inverted from that expected for
the semiclassical Doppler shift approach, which would be valid at low temperatures and
magnetic fields with T → 0 K and H/Hc2 ¿ 1, and at higher temperatures and magnetic
fields due to vortex scattering. Moreover, it was shown that the fourfold components of
the specific heat and that of the thermal conductivity have a similar behavior across the
phase diagram [127, 128]. In Fig. 5.18(b), we plot C4φ /κn as a function of temperature. At
H = 0.1 T, the sign change indeed occurs at T /Tc ' 0.25. Figure 5.19 shows the H − T
phase diagram for the fourfold component of thermal conductivity. The solid (open)
circles represent the points at which the observed κ4φ exhibits a maximum (minimum) at
φ = 0◦ , and the shading indicates the calculated anisotropy of the thermal conductivity
for a d-wave superconductor from Ref. [128]. The shaded (unshaded) regions correspond
to the region where κ4φ has a minimum or C4φ > 0 (maximum or C4φ < 0) for the field
in the nodal direction. The calculation was performed for a corrugated cylindrical Fermi
surface, similar to that of the main Fermi surface sheet of CeIrIn5 . The calculated results
suitably reproduce the observed sign change of κ4φ . Since the minimum (maximum) of
κ4φ occurs at φ = 45◦ inside (outside) the shaded region, the nodes are located at ±45◦ .
These results lead us to conclude that the superconducting gap symmetry of CeIrIn5 is
pinned down as dx2 −y2 . While reconciling the existence of vertical lines of nodes with
the results of Ref. [122] requires deviations from the perfect cylindrical symmetry of the
Fermi surface [43], in the absence of detailed calculations for the realistic band structure
of CeIrIn5 , the agreement with the computed phase diagram is remarkably good. This
would be applied to the calculation for the thermal conductivity with rotating H, which
could be modified by several physical properties such as Fermi surface shape and Pauli
paramagnetic effect; this would make it a difficult task to perform calculation.
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Figure 5.19: H − T phase diagram for the fourfold term, κ4φ , in H rotated within the
two-dimensional ab-plane. The solid (open) circles indicate the points where κ4φ exhibits
a maximum (minimum) at φ = 0◦ . The shaded regions correspond to the region where κ4φ
has a minimum at the nodal direction, while κ4φ has a maximum at the nodal directions
outside this region [43].
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5.4.4

Possible pairing mechanism in CeIrIn5

The dx2 −y2 symmetry implies that the superconductivity is most likely to be mediated by
the antiferromagnetic spin fluctuations and not by the Ce-valence fluctuations [129]. Our
result is also does not agree with the hybrid gap function with horizontal nodes proposed
in Ref. [122]. To the best of our knowledge, CeIrIn5 is the first Ce-based heavy-Fermion
compound in which dx2 −y2 symmetry is realized in a distinct superconducting phase remote
from the antiferromagnetic QCP. It is intriguing that the superconductivity in the SC1
and SC2 phases has the same gap symmetry. A possible explanation for the double dome
structure is that the active area on the Fermi surface for the superconductivity, which
is nested by the magnetic propagation vector Q=( 12 , 12 , Qz ), has different Qz values in
these two phases. In fact, a remarkable difference between CeCoIn5 and CeIrIn5 is that
the incommensurate antiferromagnetic order with Qz = 0.298 strongly suppresses the
superconductivity in CeRh1−x Cox In5 [130], while they coexist in CeRh1−x Irx In5 [131].

Figure 5.20: (a) T − x phase diagram for CeRh1−x Cox In5 . C and IC represent the
antiferromagnetic phase with commensurate and incommensurate magnetic propagation
vectors, Q = (1/2, 1/2, 1/2) and (1/2, 1/2, 0.298), respectively. (b) The schematic phase
diagram for CeRh1−x Irx In5 .
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5.5

Summary

In summary, we have performed measurements of the thermal conductivity under rotated magnetic fields. Clear fourfold oscillation with minima at the [110] and [11̄0] directions is observed as the magnetic field rotated within the basal ab-plane, while no
oscillation is observed within the bc-plane, providing strong evidence that the superconducting gap of CeIrIn5 at ambient pressure has vertical line nodes. Our results strongly
indicate that the symmetry of the superconducting gap function of CeIrIn5 is of dx2 −y2 wave with B1g symmetry, while Eg (1, i) symmetry was suggested in this material. This
indicates that the two distinct domes of the heavy-Fermion superconducting phases possess the same superconducting symmetry in which antiferromagnetic fluctuations appear
to play an important role. The determined gap symmetry in CeIrIn5 is remote from
the antiferromagnetic quantum critical point; this further restricts theories of the pairing
mechanism.
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6 Thermal transport in β-pyrochlore
KOs2O6 with strong electron
correlations and “rattling”
phenomena
6.1

Abstract

KOs2 O6 is a recently discovered superconductor with a transition temperature Tc =
9.6 K, having a geometrically frustrated pyrochlore lattice in its crystal structure. In
addition to the geometrical frustration, it has been proposed that K atoms in the crystal
exhibit a “rattling” motion, a large anharmonic vibration of localized atom bound in an
oversized atomic cage. However, the influence of the geometrical frustration and rattling
phenomena on the superconducting properties is still unclear because superconductivity
itself is quite rare in systems with geometrical frustration or rattling.
In order to elucidate the nature of the superconducting ground state and the influence
of the rattling motion on quasiparticle transport in the superconducting state of geometrically frustrated β-pyrochlore KOs2 O6 , we perform thermal transport measurements
down to very low temperatures (T /Tc = 100). We find a striking enhancement of the
quasiparticle scattering time in the superconducting state, which is observed in strongly
correlated high-Tc cuprates and CeCoIn5 , indicating that the strong electron inelastic
scattering in the normal state is strikingly reduced when entering the superconducting
state. In addition to this feature, an enlarged electronic specific heat coefficient along
with an enhanced slope of the T 2 -term in the resistivity is found in this material, indicating a large mass enhancement due to the strong electron correlation, which appears
to induce unconventional superconductivity with symmetries other than the conventional
s-wave symmetry. In magnetic fields, the conduction at T → 0 K is nearly constant up to
0.4H/Hc2 , in contrast with the rapid initial growth expected for superconductors with an
anisotropic gap. These results highlight that KOs2 O6 is unique among superconductors
with strong electron correlations.
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6.2

Introduction

Geometrically frustrated systems have recently become the subject of intense theoretical
and experimental study in condensed matter physics. Materials with geometrical frustration, including oxides and organics with triangular, pyrochlore, and Kagome lattices,
exhibit several unprecedented ground states and anomalous magnetic or electronic properties. These materials are roughly divided in two classes, that is, localized and itinerant
electron systems. In localized systems, magnetic atoms with an electron spin are bound in
the geometrically frustrated lattice. Geometrical frustration suppresses a magnetic order,
leading to a quantum spin correlation in the system. It has been suggested that the localized system with geometrical frustration exhibits several exotic ground states such as a
finite entropy state with quantum spin correlations (spin ice), no long-range ordered state
with remaining degeneracy at lowest temperatures T → 0 K (spin liquid), and freezing of
magnetic spins with random correlations (spin glass). For the itinerant electron systems,
it has been argued that a geometrically frustrated lattice gives rise to exotic phenomena
including heavy-Fermion states in the absence of f -electrons, metal-insulator transitions,
and anomalous Hall effect due to chirality [132–134].
Further, superconductivity has also been discovered in other geometrically frustrated
systems such as spinel LiTi2 O4 and pyrochlore Cd2 Re2 O7 [135–137]. It is expected that
the quantum spin correlations give rise to unconventional superconductivity or exotic superconducting phenomena; however, the superconducting symmetry of these materials is
found to be of the conventional s-wave type, where the formation of Cooper pairs are
mediated by electron-phonon interactions. Therefore, the relationship between the superconductivity and geometrical frustration has not yet been clarified. In 2004, Hiroi et al.
at the Institute for Solid State Physics at the University of Tokyo discovered new geometrically frustrated materials AOs2 O6 (A = K, Rb, Cs) which were denoted as β-pyrochlore
osmium oxides [138–140]. Remarkably, all three compounds exhibit superconductivity,
allowing a systematic study of superconductivity in geometrically frustrated systems.

6.2.1

β-pyrochlore AOs2 O6 (A = K, Rb, Cs)

Conventional pyrochlore oxides, called α-pyrochlores, have the chemical formula A2 T2 O7 ,
or more precisely A2 T2 O6 O0 , where A is a larger cation, T is a smaller transition metal
cation, and O0 is an oxygen ion in a large tetrahedral site as appeared to an octahedron
site in which O is surrounded by transition metal ions. The α-pyrochlore structure has a
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Figure 6.1: The crystal structure of (a) α- and (b) β-pyrochlore oxides [143].

cubic symmetry with space group F d3̄m, and the A, T, O, and O0 atoms occupy the 16d,
16c, 48f , and 8b sites, respectively. The pyrochlore sublattice, a network of corner-sharing
tetrahedra, are formed by T cations, which have been widely studied in the context of
geometrically frustrated antiferromagnetism. The β-pyrochlore osmium oxides AOs2 O6 ,
where A is a large alkali cation, K, Rb, or Cs, are considered to possess a crystal structure
that is the same as that of α-pyrochlore; however, their chemical formula is Os2 O6 A, that
is, O0 atoms of the α-pyrochlore are replaced by alkali cations A, and the 16d site of
the α-pyrochlore becomes vacant in β-pyrochlore. The crystal structure of β-pyrochlore
oxides is illustrated in Fig. 6.1, and that of α-pyrochlore is also illustrated for comparison.
With regard to the crystal symmetry, Schuck et al. reported that the crystal structure
symmetry of β-pyrochlore is F 4̄3m, which breaks the inversion symmetry along the [111]
directions, rather than F d3̄m [141]. However, a very recent detailed crystal structure
analysis using convergent beam electron diffraction has contradicted this results [142].
β-pyrochlore oxides AOs2 O6 exhibit superconductivity with transition temperatures
Tc = 9.6, 6.3, and 3.3 K for A = K, Rb, and Cs, respectively. Their transition temperature
is very large as compared to that of the α-pyrochlore superconductor Cd2 Re2 O7 (Tc =
1 K). Tc increases with decreasing atomic radius of the alkali atoms. Moreover, the
difference in the alkali atoms gives rise to anomalous normal state properties, especially
in KOs2 O6 , which will be argued later.
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Figure 6.2: The oversized
atomic cage of Os12 O16 surrounding A atoms with an
open channel along the A−A
bond [111] direction [144].

6.2.2

Figure 6.3: Energy surface for a displacement of A ions
along the [111] direction. Note that the flat part of the
energy potential become wider with the atomic radius,
in turn K, Rb, and Cs [145].

Rattling motion of alkali atoms

In the newly discovered β-pyrochlore osmium oxides, alkali ions have a large empty
space due to the lack of a large cation located in the 16d site of α-pyrochlore. Therefore,
alkali ions are weakly bound in an oversized atomic cage of Os12 O16 , as shown in Fig. 6.2.
The atomic cage has an open channel along the [111] directions, which corresponds to
A−A bond directions. It has been theoretically and experimentally demonstrated that
these alkali ions exhibit a “rattling” motion, a large local anharmonic vibration, somewhat independent of the other atoms in the crystal. The rattling phenomena have been
extensively studied in insulating materials such as clathrates, filled skutterudites, and
defect pyrochlores, as candidates for materials with extremely high thermoelectric figure
of merit ZT =

T S2
κρ

applicable for commercial use, where S is the Seebeck coefficient (or

thermopower), κ is the thermal conductivity, and ρ is the resistivity. Kuneš et al. have
calculated the energy as a function of the displacement of A ions from the symmetric 8d
atomic site along the [111] directions. In the case of K, the energy surface has a very wide
flat part of energy potential around the high symmetry position, giving rise to strong
anharmonic oscillations of K atoms within the atomic cage [145]. The anharmonicity is
reduced in the case of Rb and Cs. A very large potential minimum distant from the
high symmetry position for Na indicates that the Na ion is unstable in the β-pyrochlore
structure. The structural instability of A atoms has been directly investigated by X-ray
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Figure 6.4: The ionic radius rA (circles), cavity radius within the Os12 O16 cage d, and
isotopic atomic displacement parameter Uiso for K, Rb, and Cs compounds [144].

powder diffraction measurements, in which a large atomic displacement parameter Uiso
is observed. The magnitude of Uiso is comparable to that observed in defect pyrochlore
oxides, filled skutterudites, and clathrates, in which the large Uiso is interpreted as a consequence of the rattling motion of an atom within similar oversized atomic cage. Uiso
increases with decreasing ionic radius rA (or increasing vacant space surrounding the A
ion), as shown in Fig. 6.4, and Uiso of K compounds is the largest value currently reported
[144].
The rattling motion of A atoms gives rise to anomalous behavior in the thermodynamic
and transport properties. Figures 6.5(a) and (b) show the temperature dependence of the
resistivity of AOs2 O6 . At high temperatures, the resistivity exhibits an unusual temperature dependence with a concave downward curvature, indicating the presence of anomalous
electron scattering in this system. However, for Rb and Cs compounds, the temperature
dependence of resistivity changes from a convex T -dependence to conventional Fermi liquid behavior, T 2 -dependence, at low temperatures. The crossover temperature where ρ(T )
changes from convex temperature dependence to T 2 -dependence is ' 15 and 20 K for A =
Rb and Cs, respectively. In contrast to Rb and Cs compounds, the K compound exhibits
a convex temperature dependence down to Tc , indicating that the crossover temperature is lower than Tc [143]. These results strongly indicate that the convex temperature
dependence of resistivity is closely related to the rattling motion of A ions.
Figure 6.6 shows the temperature dependence of specific heat for Rb and Cs. In contrast to the conventional Debye-type T 3 -dependent lattice the specific heat, the specific
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Figure 6.5: (a) Resistivity ρ for polycrystalline β-pyrochlore AOs2 O6 (A = K, Rb,
Cs) (solid lines) and singlecrystalline KOs2 O6 and α-pyrochlore Cd2 Re2 O7 (dotted lines)
plotted as a function of T . (b) ρ as a function of T 2 at low temperatures below 30 K
[143].
(a)

(b)

Figure 6.6: T -dependence of specific heat for (a) RbOs2 O6 and (b) CeOs2 O6 [146].

heat exhibits a T 5 -dependence above Tc . Thus, in β-pyrochlore oxides, the typical Debye
phonons may be masked by other types of low energy phonons or other excitations. Hiroi
et al. analyzed the temperature dependence of the specific heat by a model assuming a
local Einstein anharmonic oscillator, which coincides well with the observed data, indicating the presence of Einstein-like anharmonic rattling phonons. The Einstein temperature
obtained through the analysis was reported to be 70, 61, and 40 K for Cs, Rb, and K
compounds, respectively, which must correspond to the specific frequency of the rattling
phonons [146].
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Figure 6.7: (a) Specific heat divided by temperature C/T as a function of temperature
in zero and several magnetic fields applied along the [111] direction. The inset shows
an enlargement around the second transition at Tp ' 7.5 K. There is thermal hysteresis
between the two sets of data measured for cooling (circles) and heating (squares). (b)
Resistivity ρ as a function of temperature in magnetic fields. The inset shows an enlargement of the data at 14 T in the vicinity of Tp , measured on heating after zero field cooling
and cooling in the field [143].

6.2.3

First order transition below Tc

The K compound, in which the largest rattling motion is expected, exhibits more fascinating feature. Figure 6.7(a) shows temperature dependence of the specific heat C/T
for KOs2 O6 at low temperatures. Under a zero field, a clear step-like anomaly associated
with the superconducting transition is observed at Tc = 9.6 K. Remarkably, the specific
heat exhibits a second anomaly with a sharp peak at Tp ' 7.5 K below Tc , which has
never been observed in Rb and Cs compounds. This transition itself or its peak height is
strongly affected by the sample quality or the hydration of the crystals; in contrast, the
superconducting transition is robust to these effects. The entropy loss associated with
the transition is estimated to be 720 mJ/K mol. This anomaly is almost symmetric with
respect to Tp and it exhibits a hysteresis with increasing and lowering temperatures, indicating a first-order phase transition at Tp . Applying a magnetic field of 14 T reduces Tc to
' 5 K, but Tp and the peak height is almost unchanged. Therefore, the transition at Tp
may not be directly coupled to the superconductivity. A structural transition associated
with the rattling motion of K ions has been proposed [147, 148]. However, this structural
transition has not been detected by X-ray diffraction measurements so far.
Figure 6.7(b) depicts the temperature dependence of the resistivity ρ as a function of
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Figure 6.8: Resistivity ρ at low temperatures in zero field and at 14 T plotted as a
function of T 2 . The dashed line represents a linear fit [143].

temperature in several magnetic fields. By applying the magnetic field H to reduce the
superconducting transition temperature, the convex temperature dependence continues
T ' Tp . Remarkably, as Tc becomes lower than Tp (Tc < Tp ), a step-like anomaly is
clearly resolved at Tp . Moreover, as seen in Fig. 6.8, the convex T -dependence changes
to T 2 -dependence below Tp with a concomitant reduction in resistivity at Tp , indicating
a sudden change in the scattering mechanism associated with the transition [147].
The Sommerfeld electronic specific heat γ of KOs2 O6 has been found to be γ = 70110 mJ/mol K2 , which is one order of magnitude greater than that obtained by band
calculation γband = 9.8 mJ/mol K2 . This is in contrast to Rb and Cs compounds: γ '
40 mJ/mol K2 for both Rb and Cs compounds, and γband ' 10.2 and 11.0 mJ/mol K2 for
Rb and Cs compounds, respectively [145, 146, 149]. These results imply the presence of
enormous electron correlation, especially in KOs2 O6 .

6.2.4

Superconducting properties

We next briefly review the superconducting properties of β-pyrochlore oxide superconductors. First, we show the results of RbOs2 O6 with Tc = 6.3 K and CsOs2 O6
with Tc = 3.3 K. Figure 6.9 shows the temperature dependence of specific heat in the
superconducting states of RbOs2 O6 and CsOs2 O6 . The specific heat jump at the transition is ∆Ce /γTc ' 1 for both compounds, which is comparable to the BCS value,
∆Ce /γTc = 1.43, implying superconductivity in the weak coupling regime. The temper-

110

Figure 6.9: Electronic contribution to the specific heat Ce after the subtraction of
phonon contribution from the total specific heat divided by γT , Ce /γT , as a function
of temperature for RbOs2 O6 (circles) and CsOs2 O6 (triangles). For comparison, Ce /γT
of α-pyrochlore Cd2 Re2 O7 (solid line) and spinel LiTi2 O4 (dashed line) with s-wave superconductivity is also plotted [146].

ature dependence of specific heat is almost the same as that of s-wave Cd2 Re2 O7 and
LiTi2 O4 with exponential T -dependence, indicating s-wave superconductivity in Rb and
Cs compounds. Figure 6.10 shows the temperature dependence of the NMR relaxation
rate 1/(T1 T ) for RbOs2 O6 and KOs2 O6 . For RbOs2 O6 , a clear Hebel-Slichter coherence
peak is observed immediately below Tc , which is not expected for unconventional superconductors with nodes in the superconducting gap. Moreover, the exponential temperature
dependence is clearly resolved, providing further evidence for s-wave superconductivity
in this material [150]. Unfortunately, there are no reports on the NMR measurements for
CsOs2 O6 due to the poor crystal quality; however, its superconducting symmetry may be
s-wave.
In KOs2 O6 , in addition to the anomalous normal state properties, the superconducting state appears to be highly unusual. Specific heat measurements have revealed that
∆Ce /γTc ' 2.7, indicating a strong coupling superconductivity in this material. A large
∆Ce /γTc along with significantly enhanced γ implies that the quasiparticles with heavy
mass are responsible for the superconductivity in KOs2 O6 . Figure 6.11 shows the upper
critical field Hc2 of AOs2 O6 [139, 151]. Hc2 at the T → 0 K limit for KOs2 O6 becomes
as large as 30 T [151]. This Hc2 value at the T → 0 K limit, Hc2 (0) ' 32 T, well exceeds the Pauli limited upper critical field HP ' 18 T estimated from the simple formula
HP ' 1.84Tc . Contrastingly, Hc2 (0) for Rb and Cs compounds is lower than their HP ,
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Figure 6.10: Temperature dependence of the inverse of the NMR relaxation rate divided
by T , 1/(T1 T ) for KOs2 O6 and RbOs2 O6 [150].

[Hc2 , HP ] = [10, 11.6] and [5.5, 6.1] for RbOs2 O6 and CsOs2 O6 , respectively. The shape
of Hc2 in all β-pyrochlore osmium oxide superconductors is quite unusual, exhibiting a
T -linear increase with decreasing temperature without saturating behavior. As shown in
Fig. 6.10, 1/(T1 T ) of KOs2 O6 does not exhibit a coherence peak just below Tc in contrast
with RbOs2 O6 , implying the presence of nodes in the gap function. The µSR measurements have shown that the penetration depth deduced from the transverse µSR relaxation
rate λeff exhibits linear field dependence at low fields; in contrast, field independent λeff is
expected for fully gapped s-wave superconductors [152]. However, one claimed that the
field dependence of the penetration depth deduced from µSR measurements is insufficient
to distinguish conventional superconductors from unconventional ones because the calculations used in the analysis of µSR data have never been employed for unconventional
superconductors [153]. The power of the temperature dependence of 1/T1 (1/T1 ∝ T α ) at
low temperatures is α ' 5, which is difficult to distinguish with the activated exponential
T -dependence [150, 154]. In summary, the superconducting gap structure of KOs2 O6 has
been inconclusive so far.
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Figure 6.11: Temperature dependence of the upper critical field Hc2 for β-pyrochlore
superconductors AOs2 O6 (A = K, Rb, Cs) [139, 151]. Arrows indicate the Pauli limited
upper critical fields for each compound.

Figure 6.12: Field dependence of the penetration depth λeff obtained by assuming Hc2 '
40 T. λeff exhibits a linear field dependence below 3 T, but saturates at high fields. By
fitting data below 2.5 T with the relation λeff = λ0 [1 + η(H/Hc2 )], as shown by the solid
line, η is deduced as η = 2.58 [152].
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6.3

Purpose of this study

The main unresolved question concerning the superconductivity of the β-pyrochlore
KOs2 O6 is the nature of the microscopic pairing interaction responsible for the superconductivity. In order to clarify the pairing mechanism, the identification of the symmetry
of the superconducting order parameter is of primary importance; however, it has been
controversial so far. Moreover, how the geometrical frustration and the rattling motion
affect the superconducting state of KOs2 O6 , including the microscopic paring mechanism,
is a significantly fascinating issue. In order to elucidate the superconducting gap structure
and the effect of rattling phenomena on the quasiparticle transport, we perform a detailed
study of the low-energy quasiparticle properties in the superconducting state by thermal
conductivity measurements at very low temperatures, which has been demonstrated as
a powerful probe for examining the low-energy quasiparticle excitation and quasiparticle
transport in the superconducting state, as explained in Chapter 1.
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6.4

Experimental

The single crystals of KOs2 Os6 were provided by Professor Hiroi’s group at the Institute
of Solid State Physics, University of Tokyo. The single crystals were grown by heating a
pellet containing an admixture of polycrystalline KOsO4 and Os metal in a sealed quartz
tube with AgO placed away from the pellet. AgO act as an additional oxygen source by
thermal decomposition [148]. We used single-domain rectangular-shaped single crystals
with typical dimensions of 0.68 × 0.30 × 0.37 mm3 . Figure 6.13 shows KOs2 O6 single
crystal used for the thermal transport measurements.
The thermal conductivity κ of KOs2 O6 was measured by a standard steady-state method
using a dilution refrigerator down to 100 mK (T /Tc ' 1/100) along the a-axis (heat
current q k a). The contacts were made by the spot-welding technique, resulting in a
low contact resistance less than 0.1 Ω at low temperatures. The magnetic field H was
applied parallel to the direction of heat current (H k q) to minimize the vortex motion.
The resistivity ρ was measured in the same configuration as that used in the thermal
conductivity measurements (electrical current J k q). We can alternatively measure the
resistivity and thermal conductivity at low temperatures using same contacts. Figure 6.14
depicts the temperature dependence of the resistivity in a zero magnetic field. A clear
superconducting transition is confirmed at Tc = 9.6 K. The anomalous convex temperature
dependence from immediately above Tc up to 300 K is also confirmed in our crystals.

ρ (µΩcm)

300

200

100
0T

0
0

100

200
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T (K)
Figure 6.13: Single crystal
of KOs2 O6 .

Figure 6.14: Temperature dependence of the resistivity
at 0 T.
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6.5

Results and Discussion

6.5.1

Temperature dependence

Figure 6.15 shows the temperature dependence of the thermal conductivity κ in a zero
magnetic field. We also plot the specific heat C/T of the sample used in the thermal conductivity measurements. Although the peak at Tp is less clear than that in Ref. [148], the
first order transition was confirmed in our crystal. κ exhibits kinks at both Tc and Tp , and
decreases with decreasing temperatures immediately below Tc . κ decreases monotonically
with T at low temperatures, following a hump structure immediately below Tp .
In Figure 6.16, we plot the thermal conductivity divided by temperature, κ/T , for
several magnetic fields as a function of temperature. In a zero field, κ/T is strongly
enhanced in the superconducting state and exhibits a peak at ' 6 K, following an initial
increase with a kink at Tc . This peak is strongly suppressed by the magnetic fields. Above
1 T, κ/T decreases rapidly with temperature immediately below Tc in magnetic fields,
Tc (H). At low temperatures well below Tc , κ/T decreases with temperature but exhibits
a maximum again at ' 0.8 K. In contrast to the high-temperature peak at ' 6 K, the
low-temperature peak at ' 0.8 K is robust to the magnetic field. After passing the double
peak structure, κ/T decreases monotonically. The pronounced double peak structure of
κ/T in the superconducting state is unprecedented among superconductors since κ/T
usually does not exhibit any peak structure or a single peak in the superconducting state.
At first, we discuss origin of the double peak structure. Usually, the thermal transport
in the superconducting state is governed by two heat carriers, quasiparticles and phonons.
In order to elucidate which heat carriers dominate the thermal transport below Tc , we examine the Wiedemann-Franz law in the normal state immediately above Tc . The Lorentz
number, defined as L = Tκ ρ, is estimated to be L ' 1.1L0 (L0 = 2.44 × 10−8 WΩ/K2 is the
Sommerfeld value) immediately above Tc , indicating a substantial electronic contribution
near Tc . Therefore, these results lead us to conclude that the peak at ∼ 6 K is electronic
origin and the other peak at ∼ 0.8 K is phononic since a double peak structure caused by
identical heat carriers is highly unusual.
A phonon peak far below Tc has been reported in Nb and LuNi2 B2 C (Fig. 6.17) [155,
156]. In these materials, the enhancement is considered to be due to the evolution of the
phononic contribution to the thermal conduction as a consequence of the increase in the
phonon mean free path below Tc . The maximum in the peak structure appears when the
phonon mean free path is limited by the sample boundaries, dislocations, and so on.
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Figure 6.15: Temperature dependence of thermal conductivity κ and specific heat C/T
in a zero magnetic field. The dotted and dashed lines indicate Tc and Tp , respectively.
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Figure 6.18 depicts κ/T in a zero field and at low temperatures plotted as a function of
T 2 . At lowest temperatures below 0.25 K, κ/T follows T 2 -dependence as κ/T = a + bT 2 ,
where a = 0.006 W/K2 m and b = 0.6 W/K4 m are constant. We can separate the phonon
contribution κph = bT 3 from the electronic contribution κe = aT by the fit. According to
Ref. [156], the phonon contribution κph in the normal state is given as
κph =
where `ph =

2π 2 ~3 `ph 3
T = bT 3 ,
2
15 kB4 vph

(6.1)

p
S/π (S is a cross section of the sample) is the phonon mean free path and

vph is the averaged sound velocity. Substituting the coefficient b into eq. (6.1), we obtain
vph = 4700 m/s, which is close to that of LuNi2 B2 C.
We next discuss the peak at ∼ 6 K, which is electronic in origin. In the superconducting
state, the quasiparticle contribution to the thermal conductivity is given as
κe
∝ N (0)vF2 τe ,
T

(6.2)

where N (0) is the quasiparticle density of states at the Fermi energy, vF is the Fermi velocity, and τe is the quasiparticle lifetime. Since N (0) should decrease with temperature
in the superconducting state due to the opening of the superconducting gap, the peak
structure of κe /T is expected when the enhancement in τe overcomes the reduction in
N (0). Such a quasiparticle peak of κe /T has been reported only in high-Tc cuprates [32]
and heavy-Fermion CeCoIn5 [121] (see also Chapter 7), in which the enhancement of τe is
considered to result from the reduction in the strong inelastic electron-electron scattering
that originates from strong electron correlation due to the formation of the superconducting gap. In these materials mentioned above, unconventional superconductivity with
d-wave symmetry is realized with strong electron correlations (after this work, a similar
behavior was observed in URu2 Si2 . For details, see Chapter 4). Therefore, unconventional
superconductivity with an anisotropic gap structure may be expected for KOs2 O6 .
Before discussing the gap structure of KOs2 O6 , we estimate the behavior of τe below Tc
−1
−1
based on the present results. τe can be decomposed into three terms as τe−1 = τimp
+τel−el
+
−1
τel−ph
, where τimp , τel−ph , and τel−el are the quasiparticle lifetimes for impurity, electron-

electron, and electron-phonon scattering, respectively. We illustrate the schematic figure
of the temperature dependence of τe in Fig. 6.19. In the normal state (T > Tc ), we can
−1
−1
assume that τel−ph À τimp
, τel−el
from the convex temperature dependence of resistivity

(ρ ∝ τe−1 ). At Tp < T < Tc , τel−el is enhanced below Tc as discussed above. In this
temperature range, κ/T is almost temperature independent, indicating a compensation
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(a)

(b)

Figure 6.17: Temperature dependence of thermal conductivity in (a) Nb and (b)
LuNi2 B2 C. The phonon peak is observed at 2 K for Nb and at 5 K for LuNi2 B2 C [155, 156].
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Figure 6.18: κ/T as a function of T 2 at low temperatures in a zero magnetic field. The
solid lines are a linear fit with κ/T = a + bT 2 . κ00 /T is the residual thermal conductivity
expected for anisotropic superconductors with line nodes in the superconducting gap
function.
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of the reduction in N (0) and the increase in τel−el . As mentioned in Sec. 6.2.2, highfield resistivity measurements revealed that the convex temperature dependence at high
temperatures and T 2 -dependence below Tp through a sudden decrease in the resistivity at
Tp indicates a sudden reduction in the scattering rate at Tp and a change in the scattering
−1
process across Tp . Based on this fact, we assume a sudden decrease in τel−ph
at Tp , as

shown in Fig. 6.19. The normal state resistivity well below Tp exhibits the Fermi liquid
behavior ρ(T ) = ρ0 + AT 2 with ρ0 = 1 µΩ cm and A = 0.14 - 0.20 µΩ cm/K2 , as
reported in Ref. [143]. Combining A with the large γ ' 100 mJ/K2 mol, we estimate the
Kadowaki-Woods ratio A/γ 2 ' 1.5 × 10−5 , which is very close to the universal values for
strongly correlated systems, A/γ 2 = 1 × 10−5 , implying the presence of strong electron
correlation responsible for electron scattering below Tp . Moreover, the emergence of the
T 2 -term below Tp indicates the dominance of τel−el in this temperature region, which is
consistent with the prediction for τ −1 shown in Fig. 6.19.
These results are also important for understanding the nature of the transition at Tp .
Assuming rattling phonons as the nature of the anomalous convex temperature dependence of resistivity, our results support the prediction of rattling transition at Tp , which
will be discussed in Sec. 6.5.5.
Having addressed the strong electron correlations in KOs2 O6 , the next important issue in this compound is the pairing symmetry. As explained in Chapter 1, it has been
established that there is a significant difference in the heat transport properties between
isotropic and anisotropic superconductors. We next examine the superconducting gap
structure of KOs2 O6 with regard to the residual thermal conductivity in zero magnetic
field, which is not expected for s-wave isotropic superconductors. A residual term in κ/T
at the T → 0 K limit is found to be 0.006 W/K2 m, as shown in Fig 6.18. As described
in Sec. 1.4.1, in d-wave superconductors with line nodes in the superconducting gap function, a finite residual thermal conductivity κ00 /T is expected, even at dilute non-magnetic
impurity concentrations, and it is given as
κ00
κn 2 ~
=
,
T
T π ∆0 τimp

(6.3)

where κn is the normal state thermal conductivity, ∆0 is the maximum gap amplitude,
and τimp = 1/(2Γ) is the impurity scattering lifetime with impurity scattering rate Γ [33].
We estimate κ00 /T using κn /T estimated from ρ0 through the Wiedemann-Franz law,
2∆0
kB Tc

= 3.8 [149], and τimp estimated through ρ0 =

µ0 λ2
τimp

using λ = 2700 Å [152]. We obtain

κ0 /T ' 0.07 W/K2 m, which is one order of magnitude larger than the observed value,
implying a full gap structure in this material.
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crystals at 14 T adopted from Ref. [143] is also plotted as open circles. The dashed and
dash-dotted lines represent ρ = ρ0 + AT 2 .
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6.5.2

Field dependence at very low temperatures

Further evidence for fully gapped superconductivity is provided by the field dependence
of thermal conductivity. In Fig. 6.21, we plot κ/T for several magnetic fields as a function of T 2 . At the lowest temperatures, κ/T exhibits T 2 -dependence, as shown by the
solid lines in Fig. 6.21, similar to κ/T in a zero field as mentioned above. Figure 6.22
depicts κ(H)/κn as a function of H/Hc2 at the T → 0 K limit extrapolated from the
temperature dependence of κ/T shown in Fig. 6.21. For comparison, κ(H)/κn for several
superconductors, s-wave Nb, and anisotropic UPt3 , LuNi2 B2 C, and Tl2 Ba2 CuO6+δ are
also plotted. The H-dependence of κ/κn in KOs2 O6 is almost constant up to ∼ 0.4H/Hc2
and very close to κ(H)/κn of Nb, in sharp contrast with that in anisotropic superconductors. Here, we used κn as the estimated value using ρ0 through the Wiedemann-Franz
law, κn = L0 T /ρ0 . As mentioned in Sec. 1.3.2, thermal transport in the superconducting
state is governed by the delocalized quasiparticles, which extend over the entire crystal.
In s-wave superconductors, quasiparticles are bound in the vortex cores and localized at
T ¿ Tc and Hc1 < H ¿ Hc2 . Thus, quasiparticles cannot transport heat and hence the
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Figure 6.21: κ/T as a function of T 2 at low temperatures for several magnetic fields.
The solid lines represent linear fits.
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thermal conductivity is insensitive to the magnetic field. Contrastingly, in anisotropic
superconductors, quasiparticles are easily delocalized from nodes or from local minima
of the superconducting gap. The most remarkable effect of the magnetic field on the
delocalized quasiparticles is the Doppler shift of the quasiparticle energy. A finite density
of states is induced at the Fermi energy by the Doppler shift of the quasiparticle energy,
and it increases with the magnetic field. As a result, the thermal conductivity exhibits an
initial steep increase at low fields with H ¿ Hc2 . In order to more clearly observe the field
dependence at low fields, we calculate the initial increase in κ(H)/κn for superconductors
with anisotropic gaps. For d-wave superconductors with line nodes in the superconducting
gap, according to Kübert and Hirschfeld, κ(H)/κn for H k q is given as
µ
¶
H
π Hc2
1+s
ln
,
Hc2
2a2 H
where s =

a2 π 2 ∆0
,
16~Γ

(6.4)

and a is a constant of the order of unity [39]. Thalmeier and Maki

calculate κ(H)/κn for linear point nodes based on the s+g-wave model, which is proposed
for anisotropic s-wave superconductor YNi2 B2 C having a point node-like local gap minima
in the superconducting gap function. κ(H)/κn for linear point nodes is given as
¸
·
p
κ
x
3
−1
3/2
2
=
(1 − y) − y(cos y − y 1 − y ) ,
κn
2 ln(2/x)
2
√
¶
µq
q
va vc e~
2
2
2
2
x =
1 − sin θ cos φ + 1 − sin θ sin φ ,
2∆
~Γ 1
y =
,
∆x

(6.5)
(6.6)
(6.7)

where va and vc are the in-plane and out-of-plane Fermi velocities, respectively [157]. We
calculate κ(H)/κn from eqs. (6.4) and (6.5) using parameters adopted in the estimation of
κ00 /T , namely, Γ and ∆0 , as described in previous section, and assuming va = vc = vF =
2.24 × 104 m/s estimated from ξ and ∆0 . Here, ξ is obtained from Hc2 =

Φ0
2πξ 2

' 32 T,

where Φ0 denotes the flux quantum. The calculated results are shown in Fig. 6.23 along
with measured κ(H)/κn for KOs2 O6 . It is obvious that the measured κ(H)/κn for KOs2 O6
exhibits a much slower growth than that of superconductors with line and point nodes. It
should be noted that even if we use ρ(T ) immediately above Tc (H) at 13 T (' 5 µΩ cm)
instead of ρ0 = 1 µΩ cm (κn becomes five times larger than L0 /ρ0 ), κ(H)/κn is still close
to that of Nb, as shown in open circles in Fig. 6.22. Therefore, based on the noticeable
insensitivity of the thermal conductivity to magnetic fields along with the very small
residual linear term, we can safely conclude that the superconducting gap structure of
KOs2 O6 is nodeless.
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Figure 6.22: κ(H)/κn vs. H/Hc2 for KOs2 O6 (solid and open circles). For comparison,
κ(H)/κn for several superconductors, s-wave Nb (open squares), and anisotropic UPt3
(open triangles), LuNi2 B2 C (open diamonds), and Tl2 Ba2 CuO6+δ (crosses) are also plotted
[27].
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Finally, we discuss the uniqueness of the superconducting state in KOs2 O6 . In Fig. 6.24,
we plot the slope of the T 2 -dependence of resistivity, A, as a function of the square of the
Sommerfeld electronic specific heat coefficient γ for isotropic and anisotropic superconductors (see, Ref. [158] and reference therein). Here, s-wave superconductors in Fig. 6.24
includes anisotropic s-wave superconductors (Y,Lu)Ni2 B2 C and CeRu2 having modulation of gap amplitude. As mentioned in Sec. 6.5.1, KOs2 O6 obeys the universal relation
for strong electron correlation, which means that KOs2 O6 locates along the thick dashed
line shown in Fig. 6.24. Interestingly, one can find that the anisotropic superconductors
can be separated from fully gapped superconductors by γ ' 30-40 mJ/K2 mol. It is quite
reasonable that superconductors with large γ have a pairing state with a higher angular momentum than conventional s-wave states with zero angular momentum since the
pairing probability of an electron in s-wave symmetry is highest at the same position as
the other electron, where the Coulomb repulsion responsible for large γ, is the strongest.
Nevertheless, KOs2 O6 locates in the region for anisotropic superconductors, and its superconducting structure is nodeless. These results highlight that the superconducting
state of KOs2 O6 is quite distinctive among superconductors, exhibiting a fully gapped
superconductivity with strong electron correlation.
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represent s-wave superconductors and anisotropic superconductors with nodes, respectively.
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6.5.3

Comparison: Superconducting gap structure

After this work (Ref. [158]), several experimental investigations concerning the superconducting gap structure of KOs2 O6 have been performed. Figures 6.25(a) and (b) show
the temperature dependence of the penetration depth λ(T ) measured by two distinct
techniques, namely, the microwave surface impedance and the tunnel diode oscillator.
The microwave frequencies used for these measurements were 27 GHz and 14 MHz, respectively. At the lowest temperatures, the penetration depth becomes almost constant
against temperatures; in contrast, a power law temperature dependence with λ(T ) ∝ T α
(α =1-3) is expected for anisotropic superconductors with nodes in the superconducting
gap. The inset of Fig. 6.25(a) shows λ(T ) as a function of T 3 . λ(T ) apparently exhibits a
decrease more rapidly than that of T 3 -dependence. The low temperature λ(T ) can be well
fitted by the usual BCS model for isotropic s-wave symmetry, in which λ(T ) exhibits an
exponential temperature dependence with slow growth at low temperatures, and the results are shown by the solid lines in Figs. 6.25(a) and (b). Therefore, these results strongly
support nodeless superconductivity in KOs2 O6 . Similar results were also obtained by very
recent photoemission spectroscopy (PES) measurements [159]. The amplitude of the superconducting gap ∆0 obtained by the penetration depth and PES measurements is found
to be

2∆0
kB Tc

' 4.8-5.1, which is considerably larger than the BCS value with

2∆0
kB Tc

' 3.5,

indicating a strong-coupling superconductivity in this material.

6.5.4

Comparison: Quasiparticle transport

Quasiparticle transport in the superconducting state of KOs2 O6 has also been examined
by the above experiments. The microwave surface impedance measurements can extract
the quasiparticle scattering time τ from the microwave conductivity σ = σ1 + iσ2 . The
real part of σ is related to τ as σ1 =

nn e2 τ
,
m

where nn is the normal fluid (quasiparticle)

density and m is the effective mass of electrons. τ in the superconducting state can be extracted by the two-fluid analysis, where the total carrier density n is given as n = ns + nn
with superfluid density ns . n and ns are related to λ as λ2 (0)/λ2 (T ) = ns (T )/n. The extracted temperature dependence of the scattering time τ (T ) is shown in Fig. 6.26(a). τ (T )
increases steeply immediately below Tc with decreasing temperature, and more dramatically below Tp . These results are consistent with the thermal conductivity measurements,
providing strong supports for the prediction of τ (T ), schematically shown in Fig. 6.19,
whereas steep increase in τ (T ) immediately below Tc was not clearly resolved in the ther-
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Figure 6.25: (a) Main panel: Temperature dependence of penetration depth λ obtained
by the microwave surface impedance measurements. The solid line represents a fit assuming exponential temperature dependence. Inset: λ as a function of T 3 [160]. (b) Temperature dependence of penetration depth for KOs2 O6 obtained by the measurements using
a tunnel diode oscillator [161]. The solid line is a fit by the strong-coupling BCS model.

Figure 6.26: (a) Temperature dependence of quasiparticle scattering time τ (T ) extracted
from the surface impedance by the two-fluid analysis [160]. (b) Temperature dependence
of the phenomenological broadening parameter Γ(T ) for KOs2 O6 (for details, see text).
Γ(T ) for s-wave Nb and Pb are also plotted for comparison [159].

mal conductivity. It should be noted that, in contrast to the thermal conductivity, the
microwave conductivity is purely electronic and τ (T ) could be obtained separately from
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Figure 6.27: (a) λ2 (0)/λ2 (T ) = ns /nn as a function of temperature obtained from λ in
Fig. 6.25(a). The data below 8 K extrapolates to zero at T < Tc because the superfluid
density ns should become zero. The dotted line is a weak-coupling BCS prediction for
s-wave superconductors. The dashed line is a calculation for d-wave symmetry [160]. (b)
Temperature evolution of the superconducting gap ∆(T ) for KOs2 O6 obtained by PES
spectra. The dashed line is a guide for the eyes. The gray and black solid curves represent
the BCS curves [159].

the density of states.
Shimozima et al. have analyzed the PES spectra using the Dynes function with a
phenomenological broadening parameter Γ, which is considered to be an inverse of the
quasiparticle scattering time, Γ = 1/τ . Figure 6.26(b) shows the temperature dependence
of Γ, which corresponds qualitatively with τ (T ) of the microwave measurements.

6.5.5

Effects of transition at Tp

In addition to the quasiparticle scattering time, it has been demonstrated that the superconducting properties are strongly influenced by the transition at Tp . Figures 6.27(a)
and (b) depict the temperature dependence of the normalized superfluid density λ(0)2 /λ(T ) =
ns (T )/n and the amplitude of the superconducting gap ∆(T ), respectively [159, 160]. The
superfluid density as well as the amplitude of the superconducting gap exhibit a dip
structure at Tp . In addition to these observations, similar features have been observed
in the upper and lower critical field [143, 162]. Considering the isotropic superconducting
gap structure along with the strong-coupling effect between electrons and phonons, the
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electron-phonon coupling may change at the transition. These results lead us to invoke a
freezing of rattling at the transition Tp .
Although the transition at Tp has not yet been clarified, very recently, the underling
electron scattering caused by anomalous phonon modes in the β-pyrochlore osmium oxides
was analyzed theoretically. Dahm and Ueda calculated ρ(T ) and the NMR relaxation
rate 1/T1 assuming local, strongly anharmonic, and damped phonons (rattling phonons).
Figure 6.28 shows the calculated results for ρ(T ) and 1/T1 , which qualitatively reproduce
the experimental data (1/T1 was reproduced quantitatively). At high temperatures, ρ(T )
√
exhibits convex temperature dependence, approximately ρ(T ) ∼ T , but ρ(T ) ∼ T 2
√
at low temperatures. The crossover temperature, where ρ(T ) varies as ρ(T ) ∼ T to
ρ(T ) ∼ T 2 , is roughly given by the effective phonon frequency ωr in the presence of
rattling phonons. ωr increases with a decreases in the strength of the anharmonicity, which
is consistent with experimental observations for β-pyrochlore system [143]. Therefore, the
convex temperature dependence of ρ(T ) down to Tc in KOs2 O6 may indicate the presence
of low energy rattling phonons with strong anharmonicity, and the crossover temperature
is lower than Tc .
According to this theory, if we assume a sudden enhancement of the effective phonon
frequency (or reduction of anharmonicity) at Tp , T 2 -dependent ρ(T ) appears below Tp .
This could be understood as the freezing of rattling at Tp . Consistently, a theoretical
suggestion that an ordered state of K sites appears below Tp has been made (Fig. 6.29)
[163]. However, it is unclear whether the rattling phonons can be responsible for the mass
enhancement, and also the A-value in ρ(T ). We believe that the strong mass enhancement
observed in KOs2 O6 results from strong electron correlation.
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Figure 6.28: Main panel: Temperature dependence of the resistivity ρ for different parameters concerning the anharmonicity of the phonon spectrum. ρ decreases with increasing anharmonicity. Inset: Temperature dependence of the NMR spin-lattice relaxation
rate divided by T , 1/T1 T , fitted to the experimental data of Ref. [154] [164].

Figure 6.29: Doubled unit cell of KOs2 O6 . The spheres represents K ions. The arrows
indicate the minimum energy configuration for the displacement of K ions [163].
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6.6

Summary

In summary, we performed thermal transport measurements on β-pyrochlore osmium
oxide superconductor KOs2 O6 with geometrically frustrated pyrochlore lattice in its crystal structure; this superconductor exhibits exotic lattice properties, rattling motion of K
ions, and a presumably structural transition below the superconducting transition temperature.
We found a striking enhancement in the quasiparticle lifetime in the superconducting
state, which strongly indicates the presence of enormous electron scattering that originates
from the strong electron correlation in the normal state.
At very low temperatures, the thermal conductivity is very small, and there are no
visible residual linear terms temperatures decreases to 0 K. Moreover, the thermal conductivity is insensitive to magnetic field as in the conventional superconductor Nb; in
contrast, a steep initial increase must be observed in superconductors with an anisotropic
gap. These results lead us to conclude that KOs2 O6 is a fully gapped superconductor.
The results highlight the uniqueness of superconductivity in KOs2 O6 since fully gapped
superconductivity is realized in KOs2 O6 ; nevertheless, the strong electron correlation is
inherent in this system, which usually leads to unconventional superconductivity with a
node in the superconducting gap. Supporting results concerning the superconducting gap
structure as well as anomalous quasiparticle transport phenomena in the superconducting
state of KOs2 O6 have been raised after this study.
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7 Anomalous quasiparticle transport
in the superconducting state of
CeCoIn5 ga;woea;
7.1

Abstract

Quasi-two dimensional heavy-Fermion superconductor CeCoIn5 exhibits a significant
resemblance to high-Tc cuprates in the normal state as well as in the superconducting state.
It is widely believed that the superconductivity of CeCoIn5 is mediated by the strong
antiferromagnetic spin fluctuations inherent in this material, which is also responsible for
anomalous transport phenomena in the normal state.
In CeCoIn5 , the enhancement in the quasiparticle mean free path in the superconducting
state has been reported, as is observed in high-Tc cuprate superconductors. However,
direct measurements of quasiparticle transport have not yet been performed.
In order to investigate the quasiparticle transport properties in the superconducting
state of CeCoIn5 , the thermal conductivity tensor, which is a powerful and established
method used for directly probing the quasiparticle dynamics in the superconducting state,
is measured. We can obtain the quasiparticle mean free path and the density of states
separately by the combination of longitudinal thermal conductivity and thermal Hall
angle. We confirm an enhancement in the quasiparticle mean free path below Tc in zero
√
magnetic field. We observe the H-dependence of the quasiparticle density of states for
the first time in this compound. We also observe the scaling relation of the thermal Hall
conductivity besides high-Tc cuprates. These results provide much stronger evidence for
the superconducting symmetry with d-wave in CeCoIn5 . We also argue that CeCoIn5 is
in the superclean regime, which most superconductors cannot achieve.
These results highlight the anomalous superconducting state of CeCoIn5 .
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7.2
7.2.1

Introduction
Quasi-two dimensional heavy-Fermion CeCoIn5

More than five years after the discovery of the series of heavy-Fermion CeM In5 (M =
Co, Rh, and Ir), they have attracted considerable attention from the researchers in the
field of condensed matter physics since they exhibit unique properties in the normal as
well as in the superconducting state. Their cleanness allows the systematic study of the
ground states, which can easily be tuned experimentally using magnetic field, pressure,
doping, and so on. Figure 7.1 shows pressure P versus temperature T phase diagram
for CeRhIn5 and CeCoIn5 . At ambient pressure, the Rh compound is an antiferromagnetic metal with a spiral magnetic structure with wave vector (1/2, 1/2, 1/2 + α). With
increasing pressure, a superconducting phase appears at ' 2 GPa with a concomitant suppression of the antiferromagnetic phase, indicating the presence of a magnetic quantum
critical point (QCP) where the ordering temperature is driven to T → 0 K by external
perturbations. Superconducting transition temperature Tc decreases with the application
of further pressure.
CeCoIn5 exhibits superconductivity at Tc = 2.3 K, which is the highest among Ce-based
heavy-Fermion superconductors, even at ambient pressure without long-range magnetic
ordering. In the analogy with CeRhIn5 , the antiferromagnetic QCP of CeCoIn5 is considered to be located in the negative pressure region. Therefore, it is widely believed
that the superconductivity of CeRhIn5 and CeCoIn5 is mediated by antiferromagnetic
spin fluctuations. In the vicinity of QCP, the thermodynamic quantities and transport
properties exhibit non-Fermi liquid behavior, which will be argued in next section.
The crystal structure of CeCoIn5 is illustrated in Figure 7.2. CeCoIn5 is crystalized in
1
a HoCoGa5 structure with simple tetragonal symmetry (P 4/mmm, D4h
) and with lattice

constant a = 4.613 Å and c = 7.551 Å. The crystal structure comprises the alternate
stacking of CeIn3 and CoIn2 layers along the c-axis. According to the band structure
calculation, CoIn2 layers are less conductive than CoIn2 layers [106]. Therefore, reflecting
the crystal structure, the electronic structure of CeCoIn5 becomes a quasi-two dimensional
electronic structure with a cylindrical Fermi surface. In Fig. 7.2, one of the Fermi surface
sheets of CeCoIn5 (band 15-electron) is shown as an example [107].
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Figure 7.1: Schematic P − T phase diagrams for (a) CeRhIn5 and (b) CeCoIn5 . At pressure ∼ P ∗ , a non-Fermi liquid (nFL) to Fermi liquid (FL) crossover occurs and Tc reaches
a broad maximum. In CeRhIn5 , Pc is a critical pressure that separates the antiferromagnetic metal (AFM) and superconducting (SC) state, indicating that the antiferromagnetic
QCP is located at Pc . In CeCoIn5 , the antiferromagnetic QCP appears to be at a slightly
negative in accessible pressure [108].
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Figure 7.2: Crystal structure of CeCoIn5 . Figure 7.3: Fermi surface of CeCoIn5 [107].

7.2.2

Normal state

The uniqueness of the normal state of CeCoIn5 is best highlighted by its unusual thermodynamic and electrical transport properties. In particular, electrical transport properties
are quite similar to those of high-Tc cuprates. In the following, we briefly review the
normal state properties of CeCoIn5 .
In conventional metals at low temperature, the thermodynamic and electrical transport
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(a)

(b)

(c)

Figure 7.4: Electrical transport properties of CeCoIn5 , the temperature dependence of
(a) resistivity ρxx and (b) Hall coefficient RH ≡ dρdHxy , where ρxy is Hall resistivity, and
(c) the magnetoresistance as a function of square of tangent of the Hall angle tan2 Θe =
(ρxy /ρxx )2 [108, 165].

properties are well described by Landau’s Fermi liquid theory, in which a one-to-one mapping of non-interacting electron (free electron gas) states to interacting electron (quasiparticle) states is assumed. In this Fermi liquid state, thermodynamic quantities such
as electronic specific heat coefficient C/T and spin susceptibility χ exhibit temperature
independent behavior at low temperatures. With regard to the electrical transport properties, resistivity ρxx , which directly reflects a scattering of electrons, exhibits a quadratic
temperature dependence at low temperatures (ρxx = ρ0 + AT 2 , where ρ0 is the residual
resistivity and A is a constant) due to inelastic electron-electron scattering.
Contrastingly, in CeCoIn5 , several deviations from the Fermi liquid behavior have been
observed. C/T exhibits a logarithmic divergence with decreasing temperatures (C/T ∼
−T log T ), and χ exhibits a Curie-Weiss temperature dependence (χ ∼

1
,
T +θ

where θ is

the Weiss temperature). The electrical transport properties also exhibit strong deviations
from Fermi liquid behavior, the so-called non-Fermi liquid behavior. The remarkable
features observed in the electrical transport properties of CeCoIn5 are extremely similar
to those observed in high-Tc cuprates. At ambient pressure, T -linear ρxx and a dramatic
evolution of the Hall coefficient RH as lowering temperatures with a value significantly
lager than

1
ne

(n is carrier density) are observed. Figures 7.4(a)-(c) show the temperature

dependence of ρxx and RH , and the magnetoresistance as a function of tan2 Θe , where
RH ≡

dρxy
dH

with Hall resistivity ρxy and Θe ≡ tan−1 (ρxy /ρxx ) is Hall angle. These features

are considerably different from the Fermi liquid behavior, in which T 2 -dependent ρxx ,
RH '

1
,
ne

and Kohler’s rule that is a scaling of the magnetoresistance as a function
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Figure 7.5: Temperature dependence of specific heat divided by temperature C/T for
CeCoIn5 in zero field (open circles) and above the upper critical field along the c-axis
(solid circles). A nuclear Schottky contribution CSch due to the large nuclear quadrupole
moment of In has been subtracted [104].

of H/ρxx (H = 0) are expected. Moreover, the magnetoresistance ∆ρ/ρ exhibits a new
scaling relation, ∆ρ/ρ ∼ tan2 Θe , as shown in Fig. 7.4(c). These results demonstrate the
similarity of electric transport properties in the normal state between high-Tc cuprates
and CeCoIn5 . It has been suggested that these anomalous transport properties observed
in CeCoIn5 and high-Tc cuprates are universal features of strongly correlated quasi-two
dimensional electron systems in the presence of strong antiferromagnetic fluctuations [108,
165].

7.2.3

Unconventional superconductivity in CeCoIn5

Figure 7.5 shows the temperature dependence of the electronic specific heat C/T near
the superconducting transition temperature Tc = 2.3 K. A large specific heat jump at Tc
∆C/γTc ' 4.5 (in weak coupling limit, ∆C/γTc = 1.43) with the normal state specific
heat immediately above Tc , C/T (T = Tc ) ≡ γ ' 290 mJ/mol K2 , which is two orders
of magnitude larger than that of conventional metals, indicates that heavy quasiparticles
are responsible for the strong-coupling superconductivity [104].
Several measurements have revealed that the superconducting gap structure of CeCoIn5
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is anisotropic. In anisotropic superconductors with nodes in the superconducting gap function, several physical quantities exhibit the power law temperature dependence at very
low temperatures, in contrast with an activation-type exponential temperature dependence in conventional s-wave superconductors, as described in Sec. 1.3.1. As for CeCoIn5 ,
the power law dependence for several physical quantities is listed in Table. 7.1. All results
support the presence of line nodes. The NMR Knight shift measurements have revealed
that the spin susceptibility decreases rapidly when entering the superconducting phase,
indicating a spin-singlet superconductivity in CeCoIn5 [166]. These results strongly indicate that the superconducting gap symmetry of CeCoIn5 is of d-wave with vertical line
nodes along the c-axis in the superconducting gap.
The most important concern about the superconducting gap structure is the position
of node in the momentum space. The power laws can provide information about the
nodal topology, but they cannot determine the node locations. In order to determine
the locations of the line nodes, several measurements including the angular variation of
thermal conductivity and specific heat with rotating magnetic field within the basal abplane and Andreev reflection have been performed [44, 50, 168]. As shown in Figure 7.6,
the thermal conductivity exhibits a fourfold oscillation with maxima at [110] and [11̄0]
directions, indicating that the line nodes locate at [110] and [11̄0] directions; therefore,
this indicates a dx2 −y2 symmetry in CeCoIn5 similar to that in high-Tc cuprates (Fig. 7.6).
It should be noted that point contact spectroscopy measurements also suggest dx2 −y2
symmetry. Although the original paper on the heat capacity measurements proposed dxy
symmetry with nodes along the [100] and [010] directions, it was claimed that the sign of
oscillation in the specific heat can be explained as dx2 −y2 through the detailed analysis of
the angular dependence of the heat capacity [128].
In CeCoIn5 , several intriguing superconducting phenomena have been discovered. UsuTable 7.1: The observed power law temperature dependence for specific heat C/T , NMR
relaxation late 1/T1 , thermal conductivity κ, and in-plane penetration depth ∆λk ≡
λk (T ) − λk (0) for CeCoIn5 .
Quantities
Specific heat
C/T
NMR relaxation rate 1/T1
Thermal conductivity
κ
Penetration depth
∆λk
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Power low
T [121]
T 3 [166]
T 3 [121]
T [167]

dx2-y2

kz
kx

ky

Figure 7.6: Left panel: Fourfold oscillations extracted from the angular variation of thermal conductivity with rotated magnetic fields within the basal ab-plane for CeCoIn5 [44].
Right panel: Possible gap function for CeCoIn5 ; 2D representation of dx2 −y2 symmetry.

ally, the superconducting transition at the upper critical field Hc2 is of the second order in
type-II superconductors. However, in CeCoIn5 , the superconducting transition becomes
first order at high fields, indicated by several measurements including thermal conductivity [44], specific heat [169], magnetization [170], and ultrasound velocity [171]. The
thermal conductivity exhibits a jump at Hc2 at low temperatures below ' 1 K. Since the
thermal conductivity is related to the entropy flow, its jump immediately indicates a first
order phase transition at Hc2 (see Sec. 4.5.2 in discussion for URu2 Si2 ).
The first order transition is most likely due to the strong Pauli paramagnetic effect
because the Maki parameter, which measures the strength of the Pauli paramagnetic effect, is larger than unity. Several experimental results are consistent with the prediction
made by taking the Pauli paramagnetic effect into account. Moreover, closely related
to the first order transition, the appearance of a spatially inhomogeneous Fulde-FerrellLarkin-Ovchinnikov (FFLO) state in the vicinity of Hc2 , where the first order transition is
observed, has been reported. Figures 7.7(a) and (b) show the experimentally determined
H − T phase diagrams for CeCoIn5 for fields applied parallel and perpendicular to the
basal ab-plane, respectively. The emergence of a satellite peak in the NMR spectrum
and the reduction in the transverse ultrasound velocity as entering the high field phase
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Figure 7.7: Experimentally determined H − T phase diagrams of CeCoIn5 at low temperatures and high field for (a) H k ab plane and (b) H ⊥ ab plane. The FFLO phases
appear at high-field regions. The phase transition at the upper critical field undergoes
a crossover from second order at high temperatures to first order at low temperatures.
(c) Schematic figure of the quasiparticle spectrum in the FFLO state. For details, see
Ref. [172].

strongly support the presence of a FFLO state in which the order parameter has a spatial modulation along the vortices, giving rise to nodal planes running perpendicular to
vortices, as shown in Fig. 7.7 [172].

7.2.4

Anomalous quasiparticle transport in the superconducting
state

One of the fascinating phenomena in the superconducting state of CeCoIn5 is its peculiar quasiparticle transport in the superconducting state, which has been indicated by
the thermal conductivity and microwave measurements [121, 173]. Figures 7.8 show the
temperature dependence of the thermal conductivity and microwave conductivity. With
decreasing temperature, the thermal conductivity exhibits a kink at Tc , and then exhibits
a peak at low temperatures well below Tc , following a rapid increase immediately below
Tc .
Features similar to those observed in CeCoIn5 have also been observed in very clean
YBa2 Cu3 O7−y [32, 174]. The temperature dependence of the electronic thermal conductivity and the real part of the microwave conductivity is shown in Fig. 7.9. These features
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highlight the peculiar quasiparticle transport in the superconducting state of CeCoIn5 because such phenomena have not been observed in any heavy-Fermion materials (after this
work, the same features were discovered in URu2 Si2 and KOs2 O6 , as shown in Chapter 4
and 6). In high-Tc cuprates, it is believed that the increase in the thermal conductivity
is a consequence of an enhancement in the quasiparticle mean free path, which originates
from the strong reduction in the inelastic electron scattering responsible for normal state
transport properties due to the formation of the superconducting gap [175].
In the superconducting state, the quasiparticle contribution to thermal conductivity κ
is given as a product of the quasiparticle density of states multiplied by the quasiparticle
mean free path,

κ
∝ N (0)vF `,
T

(7.1)

where N (0) is the quasiparticle density of states at the Fermi energy, vF is the Fermi
velocity, and ` is the quasiparticle mean free path. Usually, the thermal conductivity
decreases with temperature in the superconducting state without an anomaly at Tc due to
the reduction in N (0). The steep increase in the thermal conductivity immediately below
Tc is expected when the enhancement of the quasiparticle mean free path overcomes the
reduction of density of states. Therefore, the results of thermal conductivity indicates the
occurrence of an enhancement in the quasiparticle mean free path in the superconducting
state of CeCoIn5 . At low temperatures, the thermal conductivity tends to decrease when
the enhancement is limited by the impurity scattering.
In previous studies, the thermal conductivity has been measured in terms of longitudinal geometry, where the direction of the applied thermal current and measured thermal
gradient are the same, i.e., the measured thermal conductivity corresponds to the longitudinal thermal conductivity κxx , the diagonal element of the thermal conductivity tensor
[44, 121]. Unfortunately, the heat carriers responsible for creating the longitudinal thermal
gradient are not only the quasiparticles in this geometry; phonons can also contribute to
the thermal transport along the longitudinal directions. Therefore, we cannot distinguish
the quasiparticle and phonon contributions solely from κxx .
In high-Tc cuprates, the enhancement in the quasiparticle mean free path has been also
suggested by microwave conductivity, which is a purely electronic response in contrast to
κxx . In CeCoIn5 , microwave measurements have been performed and the presence of the
enhancement in the quasiparticle mean free path has been suggested. However, it is not
conclusive, since the microwave measurement is a surface probe.
Recently, it has been demonstrated that the thermal Hall conductivity κxy , the non-
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Figure 7.8: Left panel: Thermal conductivity of CeCoIn5 as a function of temperature
[121]. Right panel: Temperature dependence of real part of the microwave conductivity
measured at several microwave frequencies. The inset shows the inverse of the quasiparticle lifetime obtained through the analysis using the two-fluid model [173].

Figure 7.9: Left panel: Temperature dependence of electronic part of thermal conductivity in YBa2 Cu3 O7−y [32]. Right panel: Temperature dependence of real part of microwave
conductivity in YBa2 Cu3 O7−y [176].

diagonal element of the thermal conductivity tensor, is a powerful probe for examining
the quasiparticle dynamics in the superconducting state since κxy is purely electronic
in contrast to κxx . Moreover, κxy is a bulk probe. We study the thermal Hall effect
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of CeCoIn5 , which provides important information about quasiparticle transport in the
superconducting state of CeCoIn5 .

7.2.5

Thermal Hall conductivity

In the superconducting state, the Cooper pairs do not transport heat (entropy), but
quasiparticles (depaired electrons) can carry heat. Therefore, the thermal conductivity
is a direct and powerful probe for investigating the low-energy quasiparticle transport
in the superconducting state. However, quasiparticles are not the sole heat carriers in
actual materials. Phonons, which do not participate in the condensation, can carry heat
even in the superconducting state. Therefore, at least at finite temperatures and in the
absence of a magnetic field, the contributions of quasiparticles and phonons to the thermal
conductivity cannot be distinguishable.
Recently, it has been demonstrated that the thermal Hall conductivity κxy , the nondiagonal element of the thermal conductivity tensor, is a powerful probe for examining
the quasiparticle transport in the superconducting state [174]. κxy is purely electronic, in
contrast to the longitudinal thermal conductivity κxx that contains both electronic and
phononic contributions. An obvious difference between the quasiparticles and phonons
is that quasiparticles carry charge while phonons do not. In a magnetic field, the quasiparticle thermal current will be deflected by the Lorentz force. In the analogy with the
electrical Hall effect, the deflection of the thermal current gives rise to a transverse thermal
gradient. This effect is called the thermal Hall effect or Righi-Leduc effect.
Generally, the thermal conductivity is a tensor quantity, and it is given by
q = −κ̄∇T,

(7.2)

where q is the heat current, κ̄ is the thermal conductivity tensor, and ∇T is the thermal
gradient. In tetragonal crystal with transverse geometry (q k a, H k c), eq. (7.2) can be
written as

Ã

qx
qy

!

Ã
=−

κxx κxy
κyx κyy

!Ã

∇x T
∇y T

!
,

(7.3)

where κyx = −κxy , κxx = κyy , and qx and qy are the longitudinal and transverse thermal
current densities, respectively. At the steady state, qy = 0, and hence, eq. (7.3) becomes
q = −κxx ∇x T − κxy ∇y T

(7.4)

0 = κxy ∇x T − κxx ∇y T ,

(7.5)
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where q = |q|, and ∇x T and ∇y T are the thermal gradients along the heat current (q k x)
and that generated along the transverse direction, respectively. From eqs. (7.4) and (7.5),
we obtain the thermal Hall angle, Θ ≡ tan−1 (κxy /κxx ), as
tan Θ = κxy /κxx =

∇y T
.
∇x T

(7.6)

Moreover, we also experimentally obtain the measured longitudinal thermal conductivity
κL as

κ2xy
q
= κxx +
.
(7.7)
∇x T
κxx
and κxy directly in the experimental condition. On

κL ≡ −
Therefore, we cannot measure κxx

the other hand, since usually κxy ¿ κxx , the measured longitudinal thermal conductivity
approximately gives κxx , κL ' κxx . By measuring both ∇x T and ∇y T simultaneously, we
can obtain κxx and κxy as
Wxx
2 + W2
Wxx
xy
Wxy
=
.
2
Wxx + Wy2

κxx =

(7.8)

κxy

(7.9)

Here, Wxx and Wxy are the longitudinal thermal resistivity and thermal Hall resistivity,
respectively, and they are given as
∇x T
q
∇y T
= −
.
q

Wxx = −

(7.10)

Wxy

(7.11)

The thermal conductivity tensors are directly related to the electrical conductivity tensor
through the Wiedemann-Franz law,
κ̄ = L0 T σ̄,

(7.12)

where L0 = 2.44 × 10−8 WΩ/K2 is the Lorentz number and σ̄ is the electrical conductivity
tensor. In a tetragonal crystal with the transverse condition,
ρxx
+ ρ2xy
ρxy
= L0 T 2
,
ρxx + ρ2xy

κxx = L0 T σxx = L0 T
κxy = L0 T σxy

ρ2xx

(7.13)
(7.14)

where σxx , σxy , ρxx , and ρxy are the electrical longitudinal conductivity, Hall conductivity,
resistivity, and Hall resistivity, respectively.
Figure 7.10 shows schematic figures of the thermal Hall and electrical Hall effect. We
assume electron-like charge carriers. The sign of κxy is the same as that of ρxy .
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Figure 7.10: Schematic figure of (a) the thermal Hall effect and (b) the electrical Hall
effect. We assume electron-like charge carriers. Longitudinal thermal and electrical currents, q and J, are applied along the x-direction. In a magnetic field H applied along the
z-direction, a transverse thermal current ∇y T and transverse electric field Ey will appear.
vx and vy are the velocities of carriers along the x- and y-directions, respectively. We note
that the sign of the thermal Hall effect is given by −∇y T .
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7.3
7.3.1

Experimental
Single crystals of CeCoIn5

Single crystals of CeCoIn5 were provided by Professor Onuki’s group at Osaka University. High quality single crystals of CeCoIn5 were grown by the so-called self-flux method
in which CeCoIn5 is synthesized from a stoichiometric amount of Ce and Co with excess
In that acts as a flux during the heating process. After etching the crystals by putting
them into dilute hydrochloric acid for approximately 10 min. to remove the In flux, the
crystals were cut and polished into a rectangular shape. In order to obtain a large Hall
signal, we polished the samples thinner than 200 µm. The typical sample dimensions were
1.14 × 1.06 × 0.08 mm3 .

7.3.2

Longitudinal thermal conductivity and thermal Hall conductivity measurements

The longitudinal thermal conductivity κxx and thermal Hall conductivity κxy were
measured using a 3 He cryostat. The contacts were made by a spot-welding technique
with Hall bar geometry. The contact resistance was less than 10 mΩ at low temperatures.
The sample with the contacts is shown in Figure 7.11. The electrical and thermal Hall
signals were measured in the transverse geometry, (J , q) ⊥ H. The electrical current
J and thermal current q were applied along the a-axis, and magnetic field H along the
c-axis.
In avoiding the effect of misalignment, we performed the measurements in the inverted
direction of the magnetic field. The true electrical longitudinal voltage VL , Hall voltage

Figure 7.11: The sample of CeCoIn5 . The gold wires are attached at the edges of the
sample.
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VH , longitudinal thermal gradient ∇x T , and transverse thermal gradient ∇y T are obtained
by measuring the voltage and thermal gradients in the inverted direction of the magnetic
field;
VL (H) = [V (H) + V (−H)]/2,

(7.15)

VH (H) = [V (H) − V (−H)]/2,

(7.16)

∇x T (H) = [∇T (H) + ∇T (−H)]/2,

(7.17)

∇y T (H) = [∇T (H) − ∇T (−H)]/2.

(7.18)

We obtain the field dependence of the electrical resistivity and thermal resistivity tensor,
VL (H) wt
,
J
L
VH (H)t
ρxy (H) =
,
J
∇x T (H) wt
Wxx (H) =
,
P
L
∇y T (H)t
Wxy (H) =
,
P
ρxx (H) =

(7.19)
(7.20)
(7.21)
(7.22)

where J is the electrical current applied to the resistive heater with resistance R, w and t
is the width and thickness of sample, respectively, and L is the length between contacts.
Using eqs. (7.8), (7.9), (7.21), and (7.22), we can obtain κxx and κxy .
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7.4
7.4.1

Results and Discussion
Longitudinal thermal conductivity

Figure 7.12 shows the temperature dependence of the longitudinal thermal conductivity
κxx divided by the temperature, κxx /T , for several magnetic fields. In a zero field, κxx /T
exhibits a kink at Tc and subsequently exhibits a steep initial increase with decreasing
temperature immediately below Tc . κxx /T exhibits a peak structure at ' 0.8 K and
decreases with temperature at low temperatures. The maximum value is more than three
times larger than the one immediately above Tc . However, the maximum is strongly
suppressed by the magnetic field H.
Figure 7.13 shows the field dependence of κxx . In the normal state (T = 2.46 K), κxx
is almost field independent, reflecting a small magnetoresistance. κxx exhibits a kink at
the upper critical field Hc2 along the c-axis (Hc2 (T = 0 K) ' 5 T) at high temperatures
above 1 K. However, at lower temperatures below ' 0.7 K, κxx exhibits a jump at Hc2 .
Since the thermal conductivity is related to the entropy flow, its jump intimately indicates
the occurrence of a first order phase transition. In CeCoIn5 , the first order transition at
Hc2 is most likely to be due to the strong Pauli paramagnetic effect, giving rise to the
FFLO phase at low temperatures and high magnetic field, as mentioned in Sec. 7.2.3.
The crossover temperature, where the transition changes from a first order to a second
order, is found to be 0.7-1 K, which is consistent with the other experimental results.
In the superconducting state, κxx decreases rapidly with increasing H at low fields. At
the lowest temperature, κxx exhibits a plateau-like behavior above ' 1 T up to immediately below Hc2 . This type of field dependence of κxx is considerably different from that
expected for nodal superconductors. In unconventional superconductors with nodes in
the superconducting gap function, the energy spectrum of the delocalized quasiparticles
is Doppler shifted by the magnetic field, E(p) → E(p) − vs · p, where p is the momentum
of quasiparticles and vs is the superfluid velocity. As a result, the density of states of
the delocalized quasiparticles at Fermi energy Ndel (0) becomes finite at low fields with
H ¿ Hc2 . In d-wave superconductors, where the density of states has a linear energy
√
√
dependence, Ndel (0) is proportional to H and consequently, H-dependence of κxx is
expected (for details, see Sec. 1.3.2). Although several measurements indicate d-wave
superconductivity in CeCoIn5 , there has been no direct evidence for the presence of the
Doppler shifted density of states so far. We will argue later that the combination of κxx
and κxy would clarify this issue.
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Figure 7.12: The longitudinal thermal conductivity divided by the temperature, κxx /T ,
as a function of temperature for several magnetic fields. Solid arrow indicates the superconducting transition temperature in a zero field, Tc . At 5.2 T, the system is in the
normal state over the entire temperature range.
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Figure 7.13: κxx as a function of the magnetic field at several temperatures. The solid
arrows indicate the upper critical field Hc2 . At 0.46 K and 0.64 K, κxx exhibits a jump
at Hc2 due to a first order transition at Hc2 (for details, see text).
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Figure 7.14: (a) Field dependence of the absolute value of the thermal Hall conductivity |κxy |. The arrows indicate Hc2 at each temperatures. (b) Low-field part of the
H-dependence of |κxy |. The solid lines represent the initial Hall slope.

7.4.2

Thermal Hall conductivity

Figure 7.14(a) shows the field dependence of the absolute value of the thermal Hall
conductivity |κxy |. The Hall signal is electron-like over the entire measured temperature
and field range, that is, κxy < 0. At high temperatures, no visible anomaly is found in |κxy |
at Hc2 . Contrastingly, at low temperatures below ' 0.7 K, |κxy | exhibits a jump at Hc2
due to the first order transition, as observed in the field dependence of κxx . |κxy | exhibits
a strong field dependence even in the normal state, reflecting the field dependence of the
Hall resistivity ρxy (not shown), which will be discussed later. In the superconducting
state, an initial steep increase of |κxy | was found, as shown in Fig. 7.14(b). This initial
increase depends monotonically on the temperature, but saturates above ' 0.5 T at all
temperatures.
In Figure 7.15, we plot the temperature dependence of the initial Hall slope |κ0xy |/B ≡
limB→0 |κxy |/B obtained by the solid lines in Fig. 7.14(b) and |κxy |/B for several magnetic
field. |κ0xy |/B increases steeply and exhibits a peak ' 1 K as in κxx /T . These results
are extremely similar to those of high-Tc cuprates. The temperature dependence of the
initial Hall slope |κ0xy |/B in the BZO-grown YBa2 Cu3 O7−y is shown in Fig. 7.16. The
suppression by magnetic field is more pronounced than that of κxx /T .
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Figure 7.15: |κxy |/B as a function of the temperature for several magnetic fields. The
solid arrow indicates the transition temperature at zero field Tc .

Figure 7.16: The temperature dependence of |κxy |/B in BZO-grown YBa2 Cu3 O7−y (solid
circles). The open circles are |κxy |/B measured using non-BZO grown YBa2 Cu3 O7−y [174].
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We examine the Lorentz number, defined as the ratio of the thermal and electrical conductivity, Lij ≡ (κij /T )/σij (ij = xx or xy) for the longitudinal and transverse measurements. For both κxx and κxy , the Lorentz number immediately above Tc ,
Lxx = (κxx /T )/σxx at 0 T and Lxy = (κ0xy /T )/σxy , is found to be ' 1.05L0 (L0 =
2.44 × 10−8 WΩ/K2 ), indicating the validity of Wiedemann-Franz law. These results indicate that the thermal transport in the superconducting state is governed by the electronic
contribution. Therefore, the enhancement of κxx and |κxy | appears to be of a purely
electronic origin.
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7.4.3

Quasiparticle transport in the superconducting state of
CeCoIn5

Having established the dominance of quasiparticle contribution to the thermal transport
in the superconducting state of CeCoIn5 , the remaining issue is how the quasiparticles
respond to κxx and κxy .
Generally, κxx in the superconducting state is given by
κxx ∝ Ndel (0)vF `e ,

(7.23)

where vF is the Fermi velocity and `e is the quasiparticle mean free path. In a magnetic
field, due to the asymmetric quasiparticle vortex scattering, a transverse thermal current
Jy will appear (longitudinal thermal current is labeled as Jx ). We assume that, at a low
magnetic field H, the deflection of the quasiparticle motion from each vortex is additive.
Then, during the period of the quasiparticle lifetime τe , the probability for a quasiparticle
to be deflected into the transverse direction is nv σ⊥ `e . Therefore,
Jy = nv σ⊥ `e Jx ,

(7.24)

where nv = B/Φ0 is the vortex density in the two-dimensional plane and σ⊥ is a transverse
cross section of the quasiparticle vortex scattering. Then, the thermal Hall angle, defined
as Θ ≡ tan−1 (κxy /κxx ), is given as
tan Θ ≡

Jy
κxy
'
= nv σ⊥ `e .
κxx
Jx

(7.25)

According to Ref. [177], σ⊥ is given as σ⊥ ' π/kF , where kF is the Fermi wave number
and hence we obtain
tan Θ '

πB`e
eB
=
= ωc τe .
kF Φ0
~kF

(7.26)

We can obtain `e through the equation `e = vF τe . As seen in eqs. (7.23) and (7.26),
κxx ∝ Ndel (0)`e and | tan Θ|/B ∝ `e ; therefore, we can obtain Ndel (0) from the product of
κxx and | tan Θ|/B as

κ2xx B
∝ Ndel (0)
|κxy |

(7.27)

Therefore, we can obtain `e and Ndel (0) separately from the combination of κxx and κxy .
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7.4.3.1

Density of states

First, we examine the contribution of the quasiparticle density of states to the thermal
transport. Figure 7.17 shows κ2xx B/|κxy | as a function of the magnetic field at T = 0.46 K.
κ2xx B/|κxy | increases rapidly with the magnetic field with downward curvature up to 4 T.
As shown by the dashed line in Fig. 7.17, the initial steep increase of κ2xx B/|κxy | suitably
√
follows a H-dependence in a wide field range, providing strong evidence for the presence
of the Doppler shifted density of states in CeCoIn5 . Here, we note that the presence of the
Doppler shifted density of states has never been observed in κxx and the specific heat in
this material, although d-wave superconductivity has been suggested [44, 50]. As shown
in Section 7.4.1, κxx exhibits a decrease at low field and low temperatures. Figure 7.18
shows the field dependence of the specific heat C(H). C(H) exhibits a hump structure
√
at low field, but its field dependence is much weaker than that of H-dependence. In
wide field range up to Hc2 , C(H) exhibits slow variation with the magnetic field with a
downward curvature, which is not expected even for conventional s-wave superconductors
with linear field dependence.
As mentioned in Sec. 1.4.2, the specific heat contains the contribution of both the
localized and delocalized quasiparticles; in contrast, only delocalized quasiparticles can
contribute to thermal conductivity. Therefore, we speculate that C(H) contains a significant contribution from the density of states for the localized quasiparticles bound in the
vortex core, which may have an anomalous field dependence. Actually, the NMR measurements have reported that the vortex core of CeCoIn5 is not in a usual metallic state [172].
Moreover, very recent small angle neutron scattering measurements have revealed that
the superconducting mixed state of CeCoIn5 is highly unusual among superconductors.
The magnetic profile maintains a significantly high contrast even in the vicinity of upper
critical fields [178]. Therefore, an unusual vortex core state may contribute to C(H).
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Figure 7.17: κ2xx B/|κxy | as a function of the magnetic field at T = 0.46 K. The dashed
√
line indicates H-dependence.

Figure 7.18: Main panel: Field dependence of specific heat, C(H), at low fields. The
magnetic field is applied within the basal plane. Inset: C(H) in a wide field range up to
Hc2 [50].
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7.4.3.2

Simon-Lee scaling

In order to confirm the Doppler shifted density of states, we also examine the scaling
relation of κxy , which is expected for d-wave superconductors, as mentioned in Sec. 1.4.2.
According to Simon and Lee [38], the scaling relation for κxy /T 2 is given as
κxy
= Fκxy (x).
T2

(7.28)

Here, Fκxy (x) is a scaling function for κxy with a scaling parameter x =

√

h/t with h =

orb
orb
H/Hc2
(Hc2
is the orbital limiting upper critical field) and t = T /Tc . Equation (7.28)

is often called Simon-Lee scaling.
orb
Figure 7.19 shows the scaling plot of CeCoIn5 . Here, we used Hc2
= 12 T instead of
c
Hc2
' 5 T because the superconducting state of CeCoIn5 at low temperatures is limited
orb
by the strong Pauli paramagnetic effect. Hc2
is estimated from the initial slope of the

Hc2 (T ) curve near Tc , in which the Pauli effect can be negligible. As seen in Fig. 7.19,
|κxy |/T 2 collapses into a single curve within error bars at low temperatures below 1.24
K at x . 0.7, indicating that the Simon-Lee scaling can apply to CeCoIn5 , while it is
√
not as prominent as in YBa2 Cu3 O7−y . Combining the observations of Ndel (0) ∝ H and
the Simon-Lee scaling, our results provide further support for d-wave superconducting
symmetry in CeCoIn5 .
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Figure 7.19: Scaling plot of |κxy |/T 2 .
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0.08

7.4.3.3

Quasiparticle mean free path

We next investigate the contribution of the quasiparticle mean free path `e to the
thermal transport properties. In Figure 7.20, we plot the thermal Hall angle | tan Θ|/B
(tan Θ ≡ |κxy |/κxx ), as a function of the temperature at B → 0 T and 5.2 T, immediately
above Hc2 . We also depict the electrical Hall angle | tan Θe |/B (tan Θe ≡ |σxy |/σxx ). The
magnitude of | tan Θ|/B at the zero field limit coincides well with that of | tan Θe |/B
due to the validity of the Wiedemann-Franz law for the longitudinal and Hall conductivity; however, a small deviation is found at 5.2 T. | tan Θe |/B increases steeply with
decreasing temperatures below Tcoh , where the resistivity ρxx exhibits a maximum (see
Fig. 7.4(a)), indicating the formation of a heavy electron state. With decreasing temperature, the cotangent of electrical Hall angle at the zero field limit displays T 2 -dependence,
| cot Θe |/B = a + bT 2 with a = 4.38 T−1 and b = 0.20 K−2 T−1 , below T ∗ as shown
by the dashed line in Fig. 7.20. ρxx begins decreasing linearly at temperatures below
T ∗ . It is suggested that the T 2 -dependence of | cot Θe |/B is a characteristic feature of
non-Fermi liquid behavior as in high-Tc cuprates [108]. As the system enters the superconducting phase, | tan Θ|/B increases dramatically, which ensures the enhancement of
the quasiparticle mean free path in the superconducting state.
Figure 7.21 depicts the quasiparticle mean free path `e as a function of temperature at
the zero field limit (B → 0). `e is obtained by thermal Hall angle through eq. (7.26). Here,
we used kF = 1.85 × 109 m−1 , which is obtained by using the Fermi energy εF ∼ 15 K
[179] and mass enhancement m∗ ∼ 100 me [180]. At T = 0.46 K, `e reaches 1.6 µm, which
is almost one order longer than that immediately above Tc , following a steep increase
below Tc . The magnitude of `e is also estimated by using κxx through the equation
κxx =

1
Cv `,
3 e F e

where Ce is the electronic specific heat. Using κxx = 0.48 W/K m,

Ce = 0.056 J/K mol at 0.4 K [121], and vF = 2130 m/s calculated using εF and m∗ , we
obtain `e ∼ 1.1 µm, which is comparable to that obtained from the thermal Hall angle.
However, the enhancement in `e is easily suppressed by the magnetic field. Fig. 7.22
shows the field dependence of `e at 0.46 K. `e decreases one order of magnitude by a very
small magnetic field 0.1 T. Furthermore, as seen in the inset of Fig. 7.22, `e becomes
p
comparable with the intervortex distance av =
Φ0 /B above 0.1 T, indicating that
vortices act as a strong scattering center for quasiparticles. The above results along with
the result of the field dependence of κ2xx B/|κxy | discussed in Sec. 7.4.3.1 indicate that the
plateau-like behavior in κxx can be understood as a consequence of a compensation of
√
the increase in the quasiparticle density of states (Ndel (0) ∼ H) and the concomitant
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Figure 7.20: Temperature dependence of the thermal Hall angle tan Θ ≡ κxy /κxx (solid
and open circles) and the electrical Hall angle tan Θe ≡ σxy /σxx (solid and open squares),
divided by B. The solid and open symbols are the Hall angle at the zero field limit and
at 5.2 T, respectively. The dashed line indicates the T 2 -dependence of the cotangent of
the electrical Hall angle, cot Θe = a + bT 2 . For Tcoh and T ∗ , see text for details.
√
reduction in the quasiparticle mean free path (`e ∼ 1/ H) induced by the magnetic field
(see also eq. (7.23)). At low fields below 0.1 T, the reduction in `e overcomes the increase
in Ndel (0), resulting in a steep decrease in κxx .
According to the results of the small angle neutron scattering measurements [181], it is
suggested that vortices form a perfect lattice in CeCoIn5 . Therefore, it is suggested that
the quasiparticle Bloch state is formed in the superconducting state of CeCoIn5 , which
basically does not scatter quasiparticles. The strong scattering by vortices may imply the
anomalous vortex core state in the superconducting state. Although the origin of vortex
scattering cannot be fully understood, it may be quite unusual.
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Field dependence of `e in over entire field range up to Hc2 .
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7.4.4

Possible superclean regime

The finding of an extremely long mean free path, `e ' 2 µm, in the superconducting
state would suggest an unusual bound state in the vortex core. We consider the energy
scale of the quasiparticle spectrum in the vortex core. As briefly mentioned in Sec. 1.3.2,
in the superconducting mixed state of type-II superconductors, the quasiparticle states are
bound in the vortex core. At the vortex core, the superconducting pair potential becomes
weak. This means that quasiparticles within the vortex core can form bound state with
discrete energy levels in the vortex core, analogous to the potential well problem described
in textbooks on quantum mechanics. Such bound states may exist regardless of the pairing
symmetry since it has been actually demonstrated that such bound states also exist in
anisotropic d-wave superconductors in addition to conventional s-wave superconductors.
Figure 7.23 shows the schematic figure of the quasiparticle bound state in the vortex core.
The lowest energy of a series of bound states is given as
∆E ≡ ~ω0 '

∆0
,
εF

(7.29)

where ω0 is the frequency of the characteristic energy scale of a bound state. In usual
superconductors, ∆0 ' 1-10 K and EF ' 1000 K, and then, ∆E ' 10-100 mK. Therefore,
in most superconductors, the discrete energy levels are negligibly small and cannot be
resolved experimentally. Due to the thermal broadening ∼ kB T , the bound state in the
vortex core appears to consider a cylinder with a radius ∼ ξ of normal metal. Moreover,
when a vortex moves, energy dissipation occurs due to the scattering of quasiparticles
within the vortex core. Therefore, the broadening of the bound state is given by
δE '

~
.
τe

(7.30)

Thus, the regime where the discrete levels play an important role, called as the superclean
regime, is estimated as
~ω0
∆2
∆E
=
= ω0 τe ' 0
δE
~/τe
EF

Á

~
∆0 `e
'
À 1.
τe
EF ξ

(7.31)

0
For CeCoIn5 , ∆0 ∼ 5 K ( k2∆
∼ 3.54) [44] and a small Fermi energy εF ∼ 15 K gives
B Tc

~ω0 ∼ 1.5 K, which can be achieved experimentally, and the discrete energy levels become
important at low temperatures. Moreover, in the zero-field limit, we obtain a large ` ∼
orb
2 µm, and a short coherence length ξ ∼ 5 nm estimated from Hc2
. Thus,

becomes much greater than

EF
∆0

`e
ξ

∼ 200

∼ 3. These results lead us to conclude that CeCoIn5

may enter in the superclean regime,

EF
∆

¿

`e
,
ξ
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which almost all superconductors cannot

achieve. Although there remains some issues concerning the observed strong suppression
of the quasiparticle mean free path by the magnetic field and the quasiparticle state within
the vortex core of CeCoIn5 is not fully understood, unusual vortex dynamics expected in
the superclean regime such as an anomalously large vortex Hall angle [182, 183], may be
possible in this material.

~ 2ξ

δE ~ h/τ
∆E~hω0 ~ ∆0/EF2

Figure 7.23: Schematic figure of the quasiparticle bound state in the vortex core.
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7.5

Summary

In summary, we measured the thermal conductivity tensor of CeCoIn5 . In particular,
from the measurement of the thermal Hall effect, which was performed on heavy-Fermion
superconductors for the first time in this study, we confirmed the strong enhancement
of the quasiparticle mean free path in the superconducting state, which reaches as long
as 2 µm in the crystal. However, despite the presence of a periodic vortex lattice, this
enhancement is dramatically suppressed by a very small magnetic field, indicating the
existence of anomalous vortex scattering in CeCoIn5 . We found the scaling relation of
the thermal Hall conductivity and the presence of the Doppler shifted density of states
of the delocalized quasiparticles, which provide further conclusive evidence for d-wave
superconducting pairing symmetry. A small Fermi energy, a short coherence length, and
a large quasiparticle mean free path all indicate that CeCoIn5 is in the superclean regime
( E∆F ¿ ξ` ), which most superconductors cannot achieve.
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8 Conclusions
In this study, we have developed a system for thermal transport measurements at very
low temperatures down to 30 mK in magnetic fields rotated with respect to the crystal
axes to investigate the quasiparticle transport properties in the superconducting state of
unconventional superconductors with nodes in the superconducting gap, whose transition temperature is of the order of a few Kelvin. We have performed thermal transport
measurements on several exotic superconductors that exhibit exotic properties; these include U-based heavy-Fermion URu2 Si2 , Ce-based heavy-Fermion CeIrIn5 and CeCoIn5 ,
and β-pyrochlore osmium oxide KOs2 O6 .
For Ce-based heavy-Fermion CeCoIn5 , we have performed the measurement of the
thermal Hall effect for the first time in heavy-Fermion superconductors, which directly
probes the quasiparticle thermal transport in the superconducting state.
In the following, we will summarize the results for these materials.
U-based heavy-Fermion URu2 Si2
The combination of charge and thermal transport measurements using crystals with
unprecedentedly high purity have revealed the superconducting gap structure as well as
the electronic structure in the hidden order state of URu2 Si2 , which has not been clarified
for more than two decades after its discovery. The electronic structure is very unique
among superconductors, and it is characterized by electron and hole compensation, low
carrier density, and extremely high cleanness implying that the present crystals are in the
quantum limit. Moreover, the compensation gives rise to multiband superconductivity in
URu2 Si2 . The superconducting gap structure of URu2 Si2 appears to have two distinct
gaps having different nodal topologies, line nodes perpendicular to the c-axis in the hole
band, and point nodes along the c-axis in the electron band. These results lead us to
conclude that the superconducting paring function of URu2 Si2 is most likely to be a
“chiral” d-wave symmetry with a form kˆz (kˆx + ikˆy ).
This intriguing superconducting state in URu2 Si2 adds a unique example to the list of
unconventional superconductors.
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Ce-based heavy-Fermion CeIrIn5
Clear fourfold oscillations of thermal conductivity have been observed when a magnetic
field is rotated within the basal ab-plane, while no discernible oscillation is observed within
the bc-plane. Our results are most consistent with dx2 −y2 pairing symmetry, implying that
two superconducting phases in CeIrIn5 have the same gap symmetry, which appears to
be mediated by antiferromagnetic spin fluctuations.
β-pyrochlore osmium oxide KOs2 O6
The insensitivity of the thermal conductivity to the magnetic field without a discernible
residual liner term provides strong evidence for fully gapped, nodeless superconductivity in
KOs2 O6 , similar to conventional superconductors. However, we have found the presence
of a strong electron correlation that is inherent in this system, which usually leads to
unconventional superconductivity with nodes in the superconducting gap.
These findings demonstrate the uniqueness of the superconductivity of KOs2 O6 , which
is clearly indicated by the figure of the universal relation with regard to the electron
correlation for superconductors.
Ce-based heavy-Fermion CeCoIn5
From the measurements of the thermal Hall effect, the combination of the thermal
conductivity and thermal Hall conductivity, we have found a scaling relation of the thermal
Hall conductivity and the presence of the Doppler shifted quasiparticle density of states,
which provide much stronger evidence for d-wave superconducting pairing symmetry in
CeCoIn5 .
We have directly confirmed a strong enhancement of the quasiparticle mean free path
in the superconducting state from the thermal Hall effect. The small Fermi energy, short
coherence length, and large quasiparticle mean free path found in CeCoIn5 demonstrate
that the quasiparticle state in the vortex state is in the superclean regime, which most
superconductors cannot achieve.

We have found a dramatic enhancement in the quasiparticle mean free path in the superconducting state through the observation of the peak structure of the thermal conductivity within the superconducting phase in the materials measured in this study, namely,
URu2 Si2 , KOs2 O6 , and CeCoIn5 , but not CeIrIn5 . This feature has been confirmed only
in very clean high-Tc cuprates before this study. These results imply that the enhance-
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ment in the quasiparticle mean free path within the superconducting state is a common
feature of superconductors in strongly correlated systems with moderately high-Tc (or a
large superconducting gap) and extraordinary cleanness.
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[78] J. Schoenes, C. Schonenberger, J. J. M. Franse, and A. A. Menovsky, Phys. Rev. B
35, 5375 (1987).
[79] R. Bel, H. Jin, K. Behnia, J. Flouquet, and P. Lejay, Phys. Rev. B 70, 220501
(2004).
[80] K. Behnia, R. Bel, Y. Kasahara, Y. Nakajima, H. Jin, H. Aubin, K. Izawa, Y. Matsuda, J. Flouquet, Y. Haga, Y. Onuki, and P. Lejay, Phys. Rev. Lett. 94, 156405
(2005).
[81] R. Okazaki, Y. Kasahara, H. Shishido, M. Konczykowski, K. Behnia, Y. Haga, T. D.
Matsuda, Y. Onuki, T. Shibauchi, and Y. Matsuda, Phys. Rev. Lett. 100, 037004
(2008).
[82] K. Hasselbach, J. R. Kirtley, and J. Flouquet, Phys. Rev. B 47, 509 (1993).
[83] K. Matsuda, Y. Kohori, T. Kohara, K. Kuwahara, and H. Amitsuka, J. Phys. Soc.
Jpn. 65, 679 (1996).
[84] J. P. Brison, N. Keller, A. Verniere, P. Lejay, L. Schmidt, A. Buzdin, J. Flouquet,
S. R. Julian, and G. G. Lonzarich, Physica C 250, 128 (1995).

170

[85] Y. Haga, H. Sakai, and S. Kanbe, J. Phys. Soc. Jpn. 76, 051012 (2007).
[86] H. Ohkuni, Y. Inada, Y. Tokiwa, K. Sakurai, R. Settai, T. Honma, Y. Haga, E. Yamamoto, Y. Onuki, H. Yamagami, S. Takahashi, and T. Yanagisawa, Philo. Mag.
B 79, 1045 (1999).
[87] C. Bergemann, S. R. Julian, G. J. Mcmullan, B. K. Howard, G. G. Lonzarich,
P. Lejay, J. P. Brison, and J. Flouquet, Physica B 230-232, 348 (1997).
[88] N. Keller, S. A. J. Wiegers, J. A. A. J. Perenboom, A. de Visser, A. A. Menovsky,
and J. J. M. Franse, J. Mag. Mag. Mat. 177-181, 298 (1998).
[89] A. B. Pippard, Magnetoresistance in metals (Cambridge Univ. Press, Cambridge,
1989).
[90] X. Du, S. W. Tsai, D. L. Maslov, and A. F. Hebard, Phys. Rev. Lett. 94, 166601
(2005).
[91] K. Behnia, D. Jaccard, J. Sierro, P. Lejay, and J. Flouquet, Physica C 196, 57
(1992).
[92] Y. Kohori, K. Matsuda, and T. Kohara, J. Phys. Soc. Jpn. 65, 1083 (1996).
[93] E. A. Knetsch, A. A. Menovsky, G. J. Nieuwenhuys, J. A. Mydosh, A. Amato,
R. Feyerherm, F. N. Gygax, A. Shenck, R. H. Heffner, and D. E. MacLaughlin,
Physica B 186-188, 300 (1993).
[94] K. Yano, T. Sakakibara, T. Tayama, M. Yokoyama, H. Amitsuka, Y. Honma, P. Miranović, M. Ichioka, Y. Tsutsumi, and K. Machida, Phys. Rev. Lett. 100, 017004
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